A PRESENTATION FOR THE MAPPING CLASS 
GROUP OF A NON-ORIENTABLE SURFACE FROM 
THE ACTION ON THE COMPLEX OF CURVES 



BLAZEJ SZEPIETOWSKI 

Abstract. We study the action of the mapping class group A^(F) 
on the complex of curves of a non-orientable surface F . Following 
the outline of [IJ we obtain, using the result of [1], a presentation 
for Ai{F) defined in terms of the mapping class groups of the 
complementary surfaces of collections of curves, provided that F 
is not sporadic, i.e. the complex of curves of F is simply connected. 
We also compute a finite presentation for the mapping class group 
of each sporadic surface. 



1. Introduction 

Presentations for the mapping class group M.{Fg) of a compact ori- 
entable surface of genus g with n boundary components have been 
found by various authors. Hatcher and Thurston [TU] derived a presen- 
tation for M.{Fg) from its action on a simply connected 2-dimensional 
complex, the cut system complex. This complex was simplified by Harer 
[8] and using this simplified complex, Wajnryb [22] obtained a simple 
presentation for M.{Fg) and M.{Fg). Starting from Wajnryb's result, 
Gervais [7J found a simple presentation for M.{Fg) for any n and g >1. 
Benvenuti p,J and Hirose [TT] showed independently how the Gervais 
presentation can be recovered using two different modifications of the 
classical complex of curves introduced by Harvey [9J. Benvenuti used 
the ordered complex of curves and obtained a presentation for }A {Fg) 
in terms of the mapping class groups of the complementary surfaces of 
collections of curves. 

If Fg is a non-orientable surface of genus g with n boundary compo- 
nents (i.e. F^ is homeomorphic to the connected sum of g projective 
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planes, from which n open discs have been removed), then presenta- 
tions for M.[Fg) are known only for (7 < 3 and small n. The complex 
of curves of Fg has been studied by various authors. Ivanov [12] deter- 
mined its homotopy type used it to compute the virtual cohomological 
dimension of the mapping class group M.{Fg). 

In this paper we study the action of the mapping class group M. (F) 
on the complex of curves of a non-orientable surface F = F^. Our 
main result says that Ai{F) can be presented in terms of the isotropy 
subgroups of the collections of curves, provided that F is not sporadic, 
i.e. the complex of curves of F is simply connected. On the other hand 
we show that a presentation for the isotropy subgroup of a collection 
of curves A can be obtained from a presentation for the mapping class 
group of the surface obtained by cutting F along A. Thus our result 
recursively produces a presentation for Ai{F), provided that we know 
presentations for the mapping class groups of all sporadic subsurfaces. 
In this paper we compute an explicit finite presentation for the mapping 
class group of each sporadic surface. 

The paper is organized as follows. In the next two sections we present 
basic definitions and preliminary results about simple closed curves. In 
Section H] we determine the structure of the stabilizer of a simplex of 
the complex of curves, and in Section \5\ we determine Ai (-F)-orbits 
of simplices. In Section E] we use the ordered complex of curves to 
obtain, by a result of Brown [1], a presentation for the mapping class 
group. Then we show how this presentation can be simplified. Finally, 
in Section [7] we compute presentations for mapping class groups of 
sporadic surfaces. 

2. Basic definitions. 

Let F denote a smooth, compact, connected surface, orientable or 
not, possibly with boundary. Define Diff(F) to be the group of all 
(orientation preserving if F is orientable) diffeomorphisms h: F ^ 
F such that h is the identity on the boundary of F. The mapping 
class group A^(F) is the group of isotopy classes in Diff(F). By abuse 
of notation we will use the same symbol to denote a diffeomorphism 
and its isotopy class. If g and h are two diffeomorphisms, then the 
composition gh means that h is applied first. 

By a simple closed curve in F we mean an embedding a: ^ F. 
Note that a has an orientation; the curve with opposite orientation but 
same image will be denoted by a~^. By abuse of notation, we also use 
a for the image of a. If ai and 02 are isotopic, we write ai ~ 02. 
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We say that a: ^ F is non-separating if F\a is connected and 
separating otherwise. According to whether a regular neighborhood of 
a is an annulus or a Mobius strip, we call a respectively two- or one- 
sided. If a is one-sided, then we denote by its double, i.e. the curve 
a'^{z) = ai^z"^) for z E G C Note that although is not simple, it 
is freely homotopic to a two-sided simple closed curve. 

We say that a is essential if it neither bounds a disk nor is isotopic 
to a boundary curve. We say that a is generic if it is essential and does 
not bound a Mobius strip. Note that every one-sided curve is generic. 

Define a generic r-family of disjoint curves to be a r-tuple ( 
of generic simple closed curves satisfying: 

• ttj n Oj = 0, for i 7^ j; 

• Oi is neither isotopic to Oj nor to aj^, for i ^ j. 

We say that two generic r-families of disjoint curves (ai, . . . , a.^) and 
. . . , br) are equivalent if there exists a permutation cr G such that 
Oj ~ 6^^^^^ for each 1 < i < r. We write [oi, . . . , a^] for the equivalence 
class of a generic r-family of disjoint curves. 

The complex of curves of F is the simplicial complex C{F) whose r- 
simplices are the equivalence classes of generic (r+l)-families of disjoint 
curves in F. Vertices of C{F) are the isotopy classes of unoriented 
generic curves. The mapping class group A4{F) acts simplicially on 
C{F) by h[ai, . . . ,ar] = [h o oi, . . . , h o Or]. 

3. A FEW RESULTS ABOUT SIMPLE CLOSED CURVES 

A bigon cobounded by two transversal simple closed curves a and b 
is a region in F, whose interior is an open disc and whose boundary 
is the union of an arc of a and an arc of b. Moreover, we assume that 
except for the endpoints, these arcs are disjoint from aCib, and that the 
endpoints do not coincide. If the endpoints coincide (i.e. the arcs are 
closed curves), then we say that a and b cobound a degenerate bigon. 

Lemma 3.1 (Epstein [6]). Let a,b be two two-sided essential curves in 
F , and suppose a is isotopic to b. 

i) If anb = ^, then there exists an annulus in F whose boundary 
components are a and b. 

ii) If ar\b ^ ^, and they intersect transversely, then a and b cobound 
a bigon. □ 

Lemma 3.2. Let a, b be two one-sided simple closed curves and suppose 
a is isotopic to b. Then adb ^ 0. If they intersect transversely, then: 

i) if |a n 6| = 1, then a and b cobound a degenerate bigon, 

a) if |a n 6| > 1, then a and b cobound a bigon. 
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Proof. We choose a regular neighborhood A^^ of a, diffeomorphic to the 
Mobius strip, and denote by a' its boundary curve which is homotopic 
to a^. Similarly we define Nh and b' homotopic to 6^. Now a' and b' 
are simple closed curves and a' ~ b', since a ':^b. 

If F is the projective plane or the Mobius strip, then the proof is 
trivial. In the other case a! and b' are essential and we can apply 
Lemma 13. 1[ 

Assume a fl 6 = 0. Then we can choose and disjoint. By 
Lemma IXn a' and b' cobound an annulus A. But then F = AU NaU Nf, 
is diffeomorphic to the Klein bottle and a and b are clearly not isotopic. 
Thus we have proved that a and b intersect. 

Assume that a and b intersect transversely. Then we can choose Na 
and Nb in such a way that a' and b' also intersect transversely and 
\a' n b'\ = 4|a fl b\. By Lemma 13.11 a' and b' cobound a bigon D. If 
|a n 6| = 1 then M = A^^^ U A*";, U D is a Mobius strip which contains a 
and b. In this case a and b cobound a degenerate bigon in M. Assume 
that |a n 6| > 2. Then there exist an arc c of a, an arc d of b and closed 
subsets Nc C Na and A^^ C A";, such that: \cnd\ = 2 and the interior of 
NcU NdU D is homeomorphic to an open disc. Now c and d cobound 
a bigon in N^UNaUD. □ 

The next two propositions are proved in [TH] (Propositions 3.5 and 
3.10) for orientable surfaces. Their proofs are based on Lemma [371] and 
can by applied also in the non-orientable case if the involved curves are 
two-sided. Therefore, in the proofs we restrain ourselves to the case of 
one-sided curves, where we use Lemma 13.21 instead of Lemma 13. 1[ 

By a subsurface A^ of F we mean a closed subset which is also a 
surface. We say furthermore that A^ is essential if no boundary curve 
of A^ bounds a disk in F. 

Proposition 3.3. Let N be an essential subsurface of F, and let 
a,b: ^ N be two essential simple closed curves. (In particular 
a is not isotopic to a boundary curve of N.) Then a is isotopic to b in 
F if and only if a is isotopic to b in N. 

Proof. The nontrivial thing to show is that if a and b are isotopic in 
F, then they are also isotopic in A^. We assume that a and b are 
one-sided. By Lemma 13.21 they intersect. We may assume that they 
intersect transversally and argue by induction on |a fl 6|. 

If |a n 6| = 1, then by Lemma 13. 2[ a and b cobound a degenerate 
bigon D in F. Since A^ is essential, D fl dN = and hence D G N. 
Now we can use D to define an isotopy in A^ from a to 6^^. If a ~ b~^ 
in A^, then b ^ b^^ in F, which can only happen if F is the projective 
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plane (c.f. [6], Theorem 1.7). But the projective plane does not contain 
any essential subsurface. Thus a ~ 6 in A^. 

If |a n 6| > 1, then by Lemma [3.21 a and b cobound a bigon D G F. 
As above, D (Z N and we can use D to define an isotopy in from b 
to a curve b' with \a fl b'\ = |a fl 6| — 2. By the inductive hypothesis, b' 
is isotopic to a in A^, hence so is b. □ 

Proposition 3.4. Let (ai, . . . , a^), . . . , br) be two generic r -families 
of disjoint curves such that a.-^ ^ bi for all 1 < i < r . Then there exists 
an isotopy /i^ : F — > F, t G [0, 1], such that Hq = identity and hioai = bi 
for all 1 < i < r . 

Proof. We use induction on r. The proposition is obvious for r = 1 
and we assume that it is true for (r — l)-families. Replacing each by 
hi o ai, we may assume that = bi for 1 < i < r — 1. Then ar and br 
are disjoint from = bi for i < r and ar — br- Now it suffices to show 
that there is an isotopy of F which takes to br and does not move 
the curves = 6i for z < r. We assume that and br are one-sided 
and intersect transversally. We argue by induction on ja^ fl 

If la^ n 6r| = 1; then by Lemma [3.21 and br cobound a degenerate 
bigon D in F. Since the curves = bi for i < r are generic, they 
are all disjoint from D. Now it is easy to construct an isotopy of F, 
which takes to br across D and is equal to the identity outside a 
neighborhood of D, so the other curves do not move. 

If n 6r| > 1, then by Lemma [3.21 and br cobound a bigon D in 
F. As above, the curves Oj = bi for i < r are disjoint from D, and there 
is an isotopy of F, fixed outside a neighborhood of D, which takes 
across D and reduces the number la^. fl 6^1 without moving the other 
curves. By the inductive hypothesis there is a final isotopy taking ar 

to br- □ 

Given a two-sided simple closed curve a we can define a Dehn twist 
ta about a. Since we are dealing with non-orientable surfaces, it is 
impossible to distinguish between right and left twists. The direction 
of a twist ta has to be specified for each curve a. Equivalently we may 
choose an orientation of a tubular neighborhood of a. Then ta denotes 
the right Dehn twist with respect to the chosen orientation. Unless we 
specify which of the two twists we mean, ta denotes (the isotopy class 
of) any of the two possible twists. 

The next Proposition is proved in ^(L8\ for orientable surfaces and in 
[20] for non-orientable surfaces. 

Proposition 3.5. Suppose that F is not homeomorphic to the Klein 
bottle. Consider r two-sided simple closed curves ai, . . . , satisfying: 
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i) ai is either generic or isotopic to a boundary curve; 
a) tti n aj = 0, for i 7^ j ; 

Hi) tti is neither isotopic to aj nor to aj^ , for i ^ j ■ 
Then the subgroup of Jli{F) generated by Dehn twists ta^, . . . ,ta^ is 
a free abelian group of rank r. □ 

Note that if F is homeomorphic to the Klein bottle, then up to 
isotopy there is only one generic two-sided curve a, and ta has order 
2. 

4. The structure of the stabilizer 

In this section we follow the outline of Paragraph 6 of [T9] to expresses 
the stabilizer of a simplex of C{F) by means of the mapping class group 
of the complementary surface. Our Proposition 14.21 is a generalization 
to the case of a non-orientable surface of Proposition 6.3 of [19]. 

Let A = (ai, . . . , a^) be a generic r-family of disjoint curves. Denote 
by Fa the compact surface obtained by cutting F along A, i.e. the 
natural compactification of -^\(IJi=i '^«)- Note that Fa is in general 
not connected. Denote by Ni,...,Nk the connected components of 
Fa- Then we write 

M{Fa) = M{Ni) X • • ■ X M{Nk). 

Denote by p^i : Fa ^ F the continuous map induced by the inclusion of 
-^\(UI=i ^i) ^- The map pA induces a homomorphism : (F^i) — > 
M{F). 

A pair of pants is a compact surface homeomorphic to a sphere with 
3 holes. We say that the family A determines a pants decomposition if 
each component of Fa is a pair of pants. Such a family exists if and 
only if the Euler characteristic of F is negative. In such case, a generic 
family A determines a pants decomposition if and only if A represents 
a maximal simplex in C{F). Given a generic family A = ( Oil , . . . , CLj. ) 
we can always complete it to a pants decomposition, i.e. there exist 
generic curves (a^+i, . . . , a^) such that ( ) determines a pants 

decomposition. Recall that if is a pair of pants then Ai (N) is the free 
abelian group of rank 3 generated by Dehn twists along the boundary 
curves. 

Lemma 4.1. Assume that F has negative Euler characteristic. Let 
A = (oi, . . . , a,.) be a generic family of disjoint curves in F such that 
Oi, . . . , Op are two-sided and a^+i, . . . , are one-sided. For each i G 
{1, . . . ,p} let a[ and a'- denote the boundary curves of Fa such that pA^ 
O'i = Pa° 0,'- = ai, and choose ta'. and ta'' so that p^{ta'J = p^{ta'^). For 
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each j G {p + 1, . . . ,r} let a'j denote the boundary curve of Fa such that 
PAoa'j = Oj. Then ker is generated by {ta'^t'^,}, ta'/a'h^a'^+i > • • • > 
and is a free abelian group of rank r. 

Proof Let G denote the subgroup of M.{Fa) generated by 

Clearly G C ker p^^ and it follows from Proposition 13.51 that G is a free 
abelian group of rank r. It remains to show that kerp^ C G. 

Let Ci, . . . , c„ denote the boundary curves of F and c'^, . . . , the 
corresponding boundary curves of Fa (i.e. ° c- = Cj). Complete A 
to a pants decomposition A' = (ai, . . . , a^, a^+i, . . . , a^, . . . , a^), where 
ttr+i, . . . ,aq are two-sided and flg+i, . . . , one-sided. Let a'r+i, ■ . . ,a'g 
denote the generic curves in Fa such that pa^cl'j = % for r-|- 1 < j < s. 

Let h be an element of kerp* and j G {r + l,...,s}. We have 
Pao ho a'j ^ pa° ci'j and it follows by Proposition 13.31 that ho a'j ^ a'y 
Hence, by Proposition 13.41 we may assume that h o a'j = a'j. Now h 
induces a diffeomorphism of F4/, and hence by the structure of the 
mapping class group of the pair of pants we can write: 

II' — t / i „ . . . L , I . . . b I i , ... i , , 

"1 "1 "p "p p+1 1 1 

where mi, . . . , G Z. The equality 

1 = p*{h) = tT""' ■ ■ ■ tZ^^'XZl ■ ■ ■ tlSi . . . C 

implies by Proposition 13. 5t 

Ui + Vi = ■ ■ ■ = Up + Vp = Ur+1 = ■ ■ ■ = Uq = Wi = ■ ■ ■ = Wn = 0, 

and we have h = {t^.r^Y- . . . itaft^T^i^ ...f^. □ 

Denote by [A] the simplex in C{F) represented by the family A = 
(ai, . . . , Or), and by Stab ([A]) the stabilizer of [A] in ^A{F). 

Define the cubic group Cub^ to be the group of linear transformations 
G GL{W) such that 0(ej) = ±ej for all 1 < i < r, where {ei, . . . , e^} 
denotes the canonical basis of W . There is a natural homomorphism 
^A '■ Stab([y4]) — i> Cubr defined as follows: 



$A(/i)(ei 



Cj if o ~ ttj, 
—Cj if o ~ . 



Denote by Stab'''([y4]) the kernel of ^a- By Proposition 13. 4[ each ele- 
ment of Stab'''([y4]) is represented by a diffeomorphism h G Diff(F), 
such that h o ai = Oi for all 1 < i < r. Consider the subgroup 
H of Stab^([A]) consisting of the isotopy classes of diffeomorphisms 
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preserving each curve of A with its orientation and preserving orien- 
tation of a tubular neighborhood of each two-sided curve of A. If A 
contains p two-sided curves, then there is an obvious homomorphism 
Stab'''([A]) (^2)^ with kernel H. Finally observe that H is equal to 
Imp*. 

Now we can summarize the considerations of this Section in the 
following proposition. 

Proposition 4.2. Assume that F is a surface of negative Euler char- 
acteristic. Let A he a generic r-family of disjoint curves containing 
p two-sided curves (0 < p < r). Then we have the following exact 
sequences: 

l^Z^ ^ M{Fa) ^ Stab+([A]) ^ (Z2)P, 
1 ^ Stab+([A]) ^ Stab ([A]) 54 Cub^. 

Remark 4.3. The homomorphisms Stab^([y4]) (^2)^ and $a are in 
general not surjective. By an easy analysis case by case it is possible 
to describe their images exactly. 

5. The orbits 

For the rest of this paper we assume that F = Fg is a non-orientable 
surface of genus g with n boundary components (n > 0). Recall that 
this means that F is diffeomorphic to the connected sum of g projective 
planes, from which n disjoint open discs have been removed. We also 
assume that F has negative Euler characteristic, i.e. g-\-n > 2. In this 
section we determine the A^(-F)-orbits of simplices of the complex of 
curves C{F). We say that two simplices [A] and [B] of C{F) are 
equivalent if they are in the same A1(F)-orbit. If A = (ai, . . . ,0^), 
B = (61, . . . , br), then [A] and [B] are A^(F)-equivalent if and only if 
there exist h G Diff(F) and permutation a G E,., such that hoai ~ 
By Proposition 13.41 that is equivalent to existence of h E Diff(F), such 
that ho ai = b^h . 

Let A = (ai, . . . , a^) be a generic family of disjoint curves. Let us fix 
boundary curves Ci, . . . , c„ of F. By abuse of notation we also denote 
by Cj the boundary curve Cj : 5^ dN such that p^i o Cj = q, where 
is a connected component of Fa- We say that q is an exterior boundary 
curve of A^. 

Let : S"^ — >■ F be a two-sided curve in the family A. There exist 
two connected components A^' and A^" of Fa, and two distinct curves 
a'i'. ^ dN' and a-' : dN" such that Pa o = o of = a^. We 
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say that is a separating limit curve of A^' (and A^") if A^' 7^ A^", and 
Oj is a non-separating two-sided limit curve of A^' if A^' = A^". 

Let Oj : S*^ — > F be a one-sided curve in A. There exists a component 
A^ of Fa and a curve a'^: ^ dN such that pa o a'^ = af . We say that 
Oj is a one-sided limit curve of A^. 

Lemma 5.1. Suppose that N is a non-orientable connected surface and 
c: —>■ dN is a boundary curve in N. There exists a diffeomorphism 
h: N N such that h is the identity on dN\c and ho c = c~^. 

Proof. Let A^' be the surface obtained by gluing a disc D to N along c. 
Let p be the center of D, and a: {S^, 1) {N'\dN',p) any one-sided 
simple loop based at p. There exists an isotopy ht: N' ^ N', <t < 1, 
such that: ho = identity, ht{p) = a(e^''*), ht is the identity on dN' for 
all t, and /ii o c = c~^. We define h: N ^ N to he the restriction of hi 
to N. Such diffeomorphism is called the boundary slide (c.f. [15J). □ 

Proposition 5.2. Let A = (ai, . . . , a,.) and B = {bi, . . . ,br) be two 
generic r-families of disjoint curves. The simplices [A] and [B] are 
M.{F)- equivalent if and only if there exists a permutation a G S.,., such 
that for all subfamilies A' (1 A and B' C B, such that ai G A' <^==^ 
bcr(i) G B' , there exists a one to one correspondence between the con- 
nected components of Fa' and those of Fb', such that for every pair 
{N, N') where N is any component of Fa' and N' is the corresponding 
component of Fb', we have: 

• N and N' are either both orientable or both non-orientable, of 
the same genus; 

• if Ci is an exterior boundary curve of N, then it is also an 
exterior boundary curve of N' ; 

• if N is orientable and Ci and cj induce the same orientation of 
N, then they also induce the same orientation of N' ; 

• if Qi is a separating limit curve of N, then h„(^i) is a separating 
limit curve of N' ; 

• if ai is a non-separating two-sided limit curve of N, then b^(^i) 
is a non-separating two-sided limit curve of N' ; 

• if ai is a one-sided limit curve of N , then b^i^i) is a one-sided 
limit curve of N' . 

Proof. Suppose [A\ and [B] are A1(F)-equivalent. Then there exist 
h G Diff(F) and a G S^, such that hoai = b^^-.^ for 1 < z < r. For each 
subfamily A' ^ A, h induces a diffeomorphism h' : Fa' — > Fb' , such that 
h o pa' = pb' ° h'. We define a correspondence between the connected 
components of Fa' and those of Fb' as follows. If A^ is any component 
of Fa' then A^' = h'{N) is the corresponding component of Fb'- Note 
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that we have h' o a = Ci and hence Cj is an exterior boundary curve of 
if and only if it is an exterior boundary curve of A^'. Furthermore, 
if is orientable and q, cj induce the same orientation of A^, then 
they also induce the same orientation of A^'. Suppose that G A' is 
a two-sided limit curve of A^. Then = pA' o a- for a- : S*^ — > dN and 
ba(i) = ho af^ = ho o (a-)=^^ = ps' o h' o (a-)=^^ Hence is a 
two-sided limit curve of A^'. Clearly if is separating then so is &o-(i)- 
Similarly, if is a one-sided limit curve of A^ and af = p^i o a-, then 
^CT(i) = Pb' ° h' o (a^)^^ and ba-(i) is a one-sided limit curve of A^'. 

Assume now that there exists a permutation a G S^, such that for 
each subfamily A' C A the conditions of the proposition are satisfied. 
Let us assume, for simplicity, that cr is the trivial permutation cr(i) = i 
for 1 < i < r. Denote by Ni, . . . , Nf^ the connected components of 
Fa, and by N[, . . . ,Nl. the corresponding components of Fg. By the 
classification of compact surfaces there exist diffeomorphisms hi: Ni —>■ 
N-, 1 < i < k, such that for each exterior boundary curve C; : ^ dNi 
we have hioci = cf^, and if aj is a limit curve of A^j, then psohioa'j = b^^ 
if Qj = pA° 0,'j, and p^ o hiO a'j = if aj = pa^ a'j- We will show 

that we can choose hi so that for each boundary curve 

(5.1) hiOCi = ci, 

and for each two-sided limit curve aj of A'j and Nm, if aj = pA° = 
Pa o a'j then 

(5.2) pbo hio a'j = bj o /i„ o a - = bj. 

Notice that if hi satisfy (15.11) and (15. 2p . then they induce h G DifF(F) 
such that ho Qj = bf^ for 1 < j < r, which proves Proposition 15. 2[ 

If all A'^j are non-orientable, then by Lemma 15.11 we can compose 
hi with suitable boundary slides, so that (15. ip and (15. 2p are satisfied. 
Suppose that Ni, . . . , N^, 1 < s < k are all orientable components 
of Fa- We define A' O A to be any maximal subfamily consisting of 
separating limit curves of A'^i, . . . , A^^ such that: the surface M obtained 
by gluing Y[i=i along A' is orientable; each G A' separates M , i.e. 
M\ai has more connected components than M. Notice that A' may be 
empty. The surface M is in general disconnected and it is the sum of 
all orientable components of Fa\a'- Let M' denote the surface obtained 
by gluing N- along B', where bi e B' ^ ai e A'. Notice that M' 
is the sum of all orientable components of Fb\b'- We claim that we can 
choose hi for i < s, so that (15. 2p holds for each Uj G A'. First notice, 
that after re-numbering the orientable components of Fa if necessary, 
we may assume that for each m < s there is at most one Oj G A' 
such that Qj is a separating limit curve of A^^ and Ni for i < m. Now 
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we define hi inductively. We choose any hi. Suppose that we have 
chosen h^ for all i < m < s. If there is aj G A' such that aj is a 
separating hmit curve of and Ni for i < m, then we choose h^ 
so that (15. 2p is satisfied. If there is no such curve, then we choose 
any hm- Such chosen hi induce h: M ^ M', so that h o ci = c^^ 
for each exterior boundary curve of M. Let Cj, Cj be two exterior 
boundary curves of one component of M. Since A\A' and B\B' satisfy 
the conditions of the proposition, c, and Cj induce the same orientation 
of the component of M if and only if they induce the same orientation 
of the corresponding component of M', hence ho a = Ci ho cj = Cj. 
Now it is clear that composing if necessary some hi with orientation 
reversing diffeomorphism, we can assume h o q = ci for each exterior 
boundary curve of M. Thus hi also satisfy (15.11) . 

Suppose that aj G A\A' is a two-sided limit curve of A^j and iV^, 
i < m < s. Since A' is maximal, aj is a non-separating limit curve 
of some component Mj of M, i.e. = Pa\a' ° «j = Pa\A' ° «j for 
a'j, a;^ Mj. Then bj = pb\b' o b'j = pb\b' o for b'j = ho {a'^)^\ 

bj = ho^aj)"^^. Note that the surface obtained from Mj by gluing along 
ttj is orientable if and only if a'j and a" induce opposite orientations of 
Mj. Since A\{A' U {aj}) and B\{B' U {bj}) satisfy the conditions 
of the proposition, the surface obtained from M by gluing along aj 
is diffeomorphic to the surface obtained by gluing M' along bj. In 
particular, one of these surfaces is orientable if and only if the other 
one is. Hence a'j and a" induce the same orientation of Mj if and only 

if b'j and b'j induce the same orientation of h{Mj). Thus ho a'j = b'j 

ho a'j = b'j and so (15. 2p holds for aj . 

Once we have chosen h^ for z < s, it is easy to construct, using 
Lemma [5.11 diffeomorphisms hi for i > s satisfying (15. ip and (15. 2p for 
all curves. □ 

Corollary 5.3. There are only finitely many M.{F)-orhits in C{F). 

Proof. Let be a disjoint union of g + n — 2 pairs of pants. Choose 
boundary curves of 

(5.3) Ci, . . . , c^, a^, . . . , a^, a-j^, . . . , a^, 

where r < s, n + r + s = 3{g + n — 2). Consider the surface M = N/ ~, 
where ~ identifies pairs of boundary points as follows: a^{z) = a'-{z) 
for i < r, a'^{z) = a'^iz"^) for i > r. Let p: N ^ M denote the canonical 
projection. Generic family of disjoint curves (oi, . . . ,0^), where Oj = 
po a[ioT i < of = po a[ for i > r, determines a pants decomposition 
of M. Notice that for some choices of curves (15. 3p we have M = F^, 
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Figure 1. Non-separating curves. 




Figure 2. Separating curves. 



i.e. M is a connected, non-orientable surface of genus g. Furthermore, 
every pants decomposition of can be obtained in this way, and thus, 
by Proposition 15.21 there is at most as many (-F)-orbits of pants 
decompositions, as the number of different (i.e. not isotopic) choices 
of curves fl5.3p . Since that number is finite and every generic family of 
disjoint curves can be completed to a pants decomposition, there are 
only finitely many A^(F)-orbits in C{F). □ 

Let us list all M(F)-orbits of the vertices of C{F). We call a vertex 
[a] one- or two-sided, and separating or non-separating if a has the 
appropriate property. 

Suppose that F is closed and has genus g > 3. Consider the three 
non-separating curves ai, a^, in Figure [H In this figure, and also in 
other figures in this paper, the shaded discs represent crosscaps; this 
means that their interiors should be removed and then the antipodal 
points in each boundary component should be identified. We have: 

• ai is two-sided, Fa^ is non-orientable; 

• a2 is one-sided, Fa^ is non-orientable; 

• Fag is orientable, as is one-sided if g is odd, and two-sided if g 
is even. 

For each integer k, such that 1 < /c < | — 1 and for each / such that 
2 < / < I we define separating generic curves and di represented in 
Figure [21 We have: 
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• one component of F^^, is orientable and has genus k, the other 
component is non-orientable and has genus g — 2k; 

• both components of are non-orientable and have genera / 
and g — L 

By Proposition 15. 2[ every vertex of C{F) is (F)-equivalent to one 
of the vertices [ai], [02], [03], [6^], [di]. Thus we have 3 orbits of non- 
separating vertices and 2([|] — 1) orbits of separating vertices, where 
[|] denotes the integer part of |. 

Now suppose that F has boundary, that is n > 1, and g is arbitrary 
such that x{^) = 2 — g — n<0. For each pair {J, J'} of sets such that 
/U/' = {l,...,?T,},JnJ' = there is one 7V1 (F)-orbit consisting of all 
non-separating vertices [a] such that 

• Fa is orientable, and Cj, Cj induce the same orientation of Fa if 
and only if {^, j} C / or {i,j} C I'. 

There are 2"'"^ such orbits. The remaining non-separating vertices have 
form [a], where Fa is non-orientable. If g = 1 then there are no such 
vertices. U g = 2 then they are all one-sided and form one A1(F)-orbit. 
If fl' > 3 then they form 2 orbits, one contains all one-sided vertices, 
the other one contains all two-sided vertices. 

The orbits of separating vertices are of two types, like for closed F. 
For every integer k such that < A; < and pair {J, J} of disjoint 
subsets of {1, ... , n} such that g + n — 2>2k + #(/ U J) > 2 there is 
one Ai{F)-oThit consisting of all separating vertices [b] such that 

• Fb has one orientable component A*",, of genus k and one non- 
orientable component A^„ of genus g — 2k; 

• Ci <Z No i E {I U J); Ci, Cj induce the same orientation of No 
if and only if {i,j} C / or {i,j} C J. 

For every integer / such that 1 < / < | and every / C {1, . . . , n} such 
that I + > 2 there is one A^(F)-orbit consisting of all separating 
vertices [d] such that 

• Fd has two non-orientable components A^^i and N2 of genera I 
and g — I respectively; Ci C Ni 4^ i E L 

6. The presentation for M{F) 

In |1] Brown describes a method to produce a presentation of a group 
acting on a simply-connected CW-complex. In [1] Benvenuti uses a spe- 
cial case of Brown's theorem to obtain a presentation for the orientable 
mapping class group from its action on the ordered complex of curves. 
In this section we apply the method of [1] to the case of a non-orientable 
surface. 
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The following theorem is fundamental for this section. 

Theorem 6.1 (Ivanov [12j). Let F = Fg denote a non-orientahle 
surface of genus g with n boundary components and C{F) the complex 
of curves of F. Then C{F) is {g — 3)-connected if n E {0,1}, and 
{g + n — 5)-connected if n > 2. □ 

In particular, except for the surfaces F^ where 

{g,n) e {{l,n)\n < 4} U {{2,n)\n < 3} U {{3,n)\n < 2} 

that we call sporadic, the complex of curves of Fg is simply connected. 

Now we define, following pQ, the ordered complex of curves of F 
denoted by C°^'^{F). The r-simplices of C°'^'^{F) are equivalence classes 
of ordered generic (r + l)-families of disjoint curves: (ai, . . . , a^) and 
{bi, . . . ,br) represent the same (r — l)-simplex in C°''*^(F) if and only if 

~ bf^ for alH G {1, . . . , r}. We denote by {ai, . . . ,ar) the simplex of 
C°'^^{F) represented by the family ( ). Note that the vertices 

oiC'^^'^{F) coincide with those of C{F) and in general to each r-simplex 
of C(F) correspond (r + 1)! different simplices of C°^^{F) with the same 
set of vertices. 

The following proposition is proved in pLj. The same proof applies 
to the case of a non-orientable surface. 

Proposition 6.2. // C{F) is simply connected, then C°^^{F) is also 
simply connected. □ 

The mapping class group M.{F) acts on C'^^'^{F) by h{ai, . . . , ar) = 
{hoai, . . . ,hoar). Two simplices (ai, . . . , a^) and . . . , br) of C°^'^{F) 
are (-F)-equivalent if and only if the conditions of Proposition 15.21 
are satisfied with a{i) = i, i E {I, . . . ,r}. 

Let A = ( Oil , . . . , flj. ) be a generic r-family of disjoint curves. De- 
note by Stab ((A)) the stabilizer in M{F) of the simplex of C°"^{F) 
represented by A. The group Stab((A)) consists of those h G A^(F) 
which satisfy o ^ af^ for z G {1, . . . , r}. It is clearly a subgroup of 
Stab([A]) and by Proposition l4.2l we have the following exact sequence: 

(6.1) 1 ^ Stab+([A]) ^ Stab((yl)) (Za)^ 

Here (Z2)'' is identified with the subgroup of Cub,, consisting of those 
4) G GlIw) such that (p^d) = ie^ for all 1 < z < r. 

Denote by X the orbit space C°"^{F)/M{F) and by p: C°'^(F) ^ 
X the canonical projection. The space X inherits from C°'''^(F) the 
structure of a CW-complex; the r-cells of X correspond to the A4{F)- 
orbits of r-simplices of C°^'^{F). 
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Figure 3. A triangle in X and its representative in C'^^^{F). 

By Remark 15.31 X is a finite CW-complex. We denote by X*" the 
r-skeleton of X. Since tlie edges of C°^^{F) are oriented and tlie action 
of M.{F) preserves tfie orientation, tlie edges of X are also oriented. 
If e is an edge in either C™^{F) or X then we denote by i(e) and t[e) 
respectively the initial and terminal vertex of e. An edge e G X^ for 
which i(e) = t(e) = f is called a loop based at v. 

The advantage of the ordered complex of curves over the ordinary 
complex of curves is that M.{F) acts on {C°'^'^{F)Y without inversion, 
which simplifies the statement of Theorem 16.31 below. 

In order to describe a presentation for M.{F) we need to make a 
number of choices: 

(a) We choose a maximal tree T in X^. 

(b) For every v G X° we choose a representative s{v) G {C°^'^{F)Y , 
and for every e G X^ a representative s(e) G {C°^'^{F)Y (i.e. p{s{y)) = 
V and p{s{e)) = e), so that s(i(e)) = i(s(e)) for every e G (C°^'^(F))"'^, 
and s(t(e)) = t{s{e)) for every e G T. We denote by 5*^ the stabilizer 
Stab(s(t')) and by the stabilizer Stab(s(e)). 

(c) For every e G (C°'''^(F))^ we choose ge G such that 

gMtie)))=tisie)). 

li e & T then we take Qe = 1. Note, then, that the conjugation 
map Ce given by g Qe^QQe maps Stab(t(s(e))) onto Stab(s(t(e))); in 
particular, Ce(S'e) C S't(e). 

(d) For every triangle r G X^, with edges a, 6, c such that i{c) = 
i{a) = u, t{a) = i{h) = v, t{h) = t(c) = w, we choose a representative 
s(r) in {C™'^{F))'^, such that if d, b, c are the corresponding edges of 
s(r), then i(c) =2(0,) = s{u) (see Figure [3D. We also choose three 
elements 

such that /lr,a(s(a)) = a, hr,agahr,b{s{b)) = b, hr,agahr,bgbhr,cgc^{s{c)) = 

c. Let us define h^- = hT-^agahT,bgbhT,c9c^- Observe, that h^- G S^- 
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The next result is a special case of a general theorem of Brown [1] 
(c.f Theorem 3 of [J). 

Theorem 6.3. Suppose that F is not sporadic and: 
(i) for each v G X° the group has the presentation 
(a) for each e G the stabilizer is generated by G^- 
Then M.{F) admits the presentation: 

generators = \^ G^U {g^ \ e G X^}, 
relations = [j U R^^^ U R^^^ U R^^\ 

where: 

rW = {g, = l\eeT}. 

R^"^^ = {9e^'^e{g)ge = Ce{g) \ g G Ge^e G X^}, where ie is the inclusion 
Se "-^ 5'j(e) and Cg : Se ^ St(e) is as in (c) above. 

R^^^ = {K,agahr,bgbhr,cgc^ = h^\r e X^}. □ 

In Theorem l6.3[ ie{g), Ce{g), hr^a, hr^b, hr,c and hr should be expressed 
as words in the generators IJt.exo • 

Suppose that two of the edges of a triangle r G {X)2 belong to the 
maximal tree T. Then, using the relations R^^^ and i?'-^-* we can express 
the generating symbol corresponding to the third edge as a product of 
stabilizers of the representatives for the vertices. The same is true if 
two of the symbols for the edges were already expressed as products 
of stabilizers. We say that a symbol g^ is determinable (or simply that 
the corresponding edge e is determinable), if using recursively relations 
R^^^ and R^^\ it is possible to express ge as a product of elements in 
Uiigx" • Thus, every edge e G T is determinable, and if a triangle in 
X"^ has two determinable edges, then its third edge is also determinable. 

Theorem 6.4. Suppose that is not sporadic. Then there exists a 
choice of the maximal tree T such that all the edges of X are deter- 
minable. 

Proof. We fix boundary curves Ci, . . . , c„. For each generic family of 
disjoint curves A we identify a generic curve b in Fa with the curve 
PAob in F. For any surface X, we denote by g{X) its genus. 

Construction of T for g > 4:. Suppose that g > 4. Let vi denote 
the non-separating, two-sided vertex vi = p{[a]), where Fa is non- 
orientable. For each vertex v different from vi, we define an edge 
Cy G X^ with initial vertex vi and terminal vertex v as follows. We 
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fix a curve b, such that p{[b]) = v and construct a in F/,, such that 
p{[a]) = Vi. We consider cases. 

Case 1: b is non-separating and is non-orient able. Since v ^ Vi, 
b must be one-sided and from the comparison of Euler characteristics 
we know that g{Ft,) > 3. We define a to be any two-sided and non- 
separating curve in Fb, such that -F(a,6) is non-orient able. 

Case 2: b is non-separating and Fb is orientable. Now Fb has genus 
at least 1 and hence it contains a non-separating curve. Let a be any 
such curve. Note that Fa is non-orientable because we can construct a 
one-sided curve in Fa by connecting two boundary points of F(a,fe) by 
an arc. 

Case 3: b is separating, Fb = N 11 N' . We consider two sub-cases. 

Case 3a: one of the components, say N, is orientable. If g{N) > 1 
then we define a to be any non-separating curve in (note that A^' 
is non-orientable, and hence so is Fa). If g{N) = 0, then we define 
a to be any non-separating, two-sided curve in N', such that A^^ is 
non-orientable (such curve exists, as g{N') = g > 4). 

Case 3b: both components N and N' are non-orientable. Assume 
g{N) > g{N'). If g{N) = g{N') and n > 1, then we assume that A^ 
contains the boundary curve Ci. If g{N) > 3 then we define a to be any 
non-separating, two-sided curve in A^, such that Na is non-orientable. 
If g{N) = 2, then we choose for a any non-separating, two-sided curve 
in A^, such that all exterior boundary curves of A^ induce the same 
orientation of A'a. If F is closed and g{N) = g{N'), then we can not 
distinguish between A^ and A^'. However, whether we choose a in A^ or 
A^', we obtain A1(F)-equivalent edges (a, 6). 

In each case we have p{[a]) = Vi and we define = p{{a,b)). By 
Proposition 15.21 this definitions do not depend on the choices of the 
curves a and b. We define the maximal tree T = {e^ \v ^ vi}. 

Remark 6.5. Suppose that F is closed and consider the curves ai, 
02, CL3, bk, di in Figures [1] and [2l As it was discussed in Section [5l 
these curves represent all vertices of X. Clearly p([ai]) = vi and in the 
construction of the maximal tree described above we can take b to be 
02 (case 1), as (case 2), bk (case 3a) or di (case 3b). Then, in each case, 
we can take a = Oi. Thus 

T = {p{{ai,a2)),p{{ai,a3)),p{{ai,bk)),p{{ai,di))\2 < k + l,l<^}. 

Lemma 6.6. Suppose that g > 4: and T is defined as above. Then the 
following edges of X are determinable: 
(i) all the loops based at Vi; 

(a) all the edges with both ends in non-separating vertices; 
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(in) all the edges with one end in a non-separating vertex and the other 
end in a separating vertex; 

(iv) all the edges with both ends in separating vertices. 

Proof. Let e = p((a, h)) be any edge in X and let F' denote the surface 

(i) Suppose p{[a\) = p{[b]) — vi. The surface F' is either connected 
or it has two connected components, at least one of which must be 
non-oricntable. 

Suppose that F' has a non-orientable connected component of genus 
at least 2 or it has two non-orientable components. Then there exists a 

one-sided curve c in F' such that -F(a,c) and -F(6,c) ai'e non-orientable. By 
the definition of edges (case 1), we have that p{{a,c)) = p{{b,c)) = 
ep([c]), the triangle p{{a, b, c)) has two edges in T, and thus e is deter- 
minable. 

Suppose now that F' is connected and orientable. Let a', a", b', b" 
denote the boundary curves of F' such that P(a,h) o a' = p(a,b) ° o!' = 
P{a,b) o b' = p(a,b) o b" = b. Let c be a separating curve in F' such that 
{a', b'} and {a", b"} are in different components of F^. Observe that 
c is non-separating in F. Every one-sided curve in F intersects aU b 
odd number of times, thus it intersects c. Hence Fc is orientable and 
p([c]) 7^ vi. The triangle p((a, 6, c)) has edges ^,^p{[c]),^p{[c]) (case 2 in 
the construction of T), thus e is determinable. 

Finally suppose that F' has two components A^i and N2, such that A^i 
is non-orientable of genus 1 and N2 is orientable. Since g{N2) > 1, there 
is a non-separating two-sided curve c in A^2- Note that p{[c\) = Vi and 
the loops p{{a,c)), p{{b,c)) are determinable by previous arguments, 
because F(a,c) and -F(6,c) are connected. Hence e is also determinable, 
hy p({a,b,c)). 

(ii) Suppose that both ends of e arc non-separating. If both of them 
arc one-sided, then F' is connected and has genus at least 1 if it is 
orientable, or at least 2 if it is non-orientable. In both cases F' contains 
a non-separating, two-sided curve c. Nowp((c, a)) — ep([a]), p((c, b)) = 
ep{[b]) (case 1 in the construction of T), hence e is determinable by 
p{{c,a,b)). 

Suppose that one end of e is one-sided and the other one is two-sided. 
Then F' is connected and the two-sided end is vi. Thus if b is one-sided, 
then e = ep([5]). If a is one-sided, then we choose any separating curve 
c in F', such that Fc is connected. Now p{{c, a)) = ep(^[a]) and p((c, b)) 
is a loop at vi, which is determinable by (i). Hence e is determinable 
hy p({c, a, b)). 
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Suppose that both ends of e are two-sided. We can assume that at 
least one of the ends is not Vi, so F' is orientable. If F' is connected, 
then we choose a separating generic curve c in F', such that F(^a,c) and 
F(^h,c) are connected. Now p{{c, a)) is either ep([a]) (if Fa is orientable) or 
a loop at Vi (if Fa is non-orientable) and similarly for p{{c,b)). Hence 
e is determinable by p{{c,a,b)). If F' is not connected, then Fa and 
Fh are orientable. Now F' has a component N with g{N) > 1 and 
for any non-separating curve c in we have p{{c,a)) = ep([a]) and 
p{{c,b)) = ep([a]). Hence e is determinable by p{{c,a,b)). 

(iii) Assume, without loss of generality, that a is separating and b is 
non-separating. Suppose that both components of Fa have genus > 1. 
Let ai be a generic curve in F' such that p{{ai,a)) G T, and choose 
any non-separating curve c in the other component of Fa- Notice that 
p((c, fli)) is determinable by (ii), and p{{c,a)) is determinable by the 
triangle p{{c,ai,a)). Now if ai and b belong to different components 
of Fa, then p{{ai,b)) is determinable by (ii), and e is determinable by 
p{{ai,a,b)). If ai and b belong to the same component of Fa, then 
e is determinable by p{{c,a,b)). If one of the components has genus 
0, then b is contained in the other component A^. Now there exists 
a two-sided generic curve Oi in A";,, such that Na-^ is connected and 
non-orientable. Indeed, if A";, is orientable, then g{N},) > 1 and Oi 
may be any non-separating curve in A^^. If A";, is non-orientable, then 
g{Nb) > 2 and we may take ai to be separating in Nb. For such ai we 
have p{{ai,a)) G T, and p{{ai,b)) is determinable by (ii). Hence e is 
determinable by p{{ai, a,b)). 

To prove (iv) notice that in this case F' must have a non-orientable 
component. Choose a one-sided curve c in F' and consider the triangle 
p{{c,a,b)). The assertion follows by (iii). □ 

This finishes the proof of Theorem 16.41 for g > 4. 

Construction of T for g = 3. Suppose that g = 3. Since F is not 
sporadic we have n > 3. Let vi denote the non-separating, two-sided 
vertex p([a]), where Fa is non-orientable. Note that this is the only 
non-separating, two-sided vertex in X. As we did for g > 4, for each 
f 7^ f 1 we define an edge form vi to v. We fix b such that v = p{[b]) 
and define a in so that p{[a]) = Vi. 

Case 1: b is one-sided and F^ is non-orientable. Now F^ has genus 2. 
We define a to be any two-sided and non-separating curve in Fi,, such 
that all exterior boundary curves induce the same orientation of F^. 

If Fb is connected and orientable (case 2) or disconnected (case 3), 
then we define a in the same way as we did for g > 4:. We only remark 
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that in case 2, 6 is one-sided and hence has genus 1; and in case 
3a, if g{N) = then g{N') = 3, which suffices to choose two-sided and 
non-separating a with N'^ non-orientable. 

As previously we define = p{{a, b)) and T = {e^ \v vi}. 

Lemma 6.7. Suppose that g = 3 and T is defined as above. Then the 

following edges of X are determinable: 

(i) all the loops based at vi; 

(a) all the edges with one end in vi; 

(Hi) all the edges with at least one edge in one-sided vertex; 
(iv) all the edges with both ends in separating vertices. 

Proof. First observe that every edge in X satisfies one of the conditions 
(i)-(iv). Therefore Lemma [6.71 imphes Theorem 16.41 for (7 = 3. 
Let e = p((a, h)) be any edge in X and F' = F(^a,b) 

(i) If p{\a\) = p{[b]) = Vi then F' has two connected components, 
at least one of which contains two exterior boundary curves. Let c 
be a curve in F' bounding a pair of pants together with two exterior 
boundary curves. The edge e is determinable by the triangle p((a, b, c)) 
having two edges in T. 

(ii) Assume p([a]) = Vi. If Ff, is connected and orientable or it has 
an orientable component, then e G T. In the other case e G T if and 
only if all exterior boundary curves induce the same orientation of the 
orientable component of F'. Suppose that e ^ T. Denote by N the 
connected component of Fh having genus 2 and by A^' the orientable 
component of F' (thus A^' = Na). There exists a separating curve c 
in A^', which is non-separating in A^ and such that any two exterior 
boundary curves induce opposite orientations of A^' if and only if they 
belong to different components of A^. The surface A^, which can be 
obtained from A^ by gluing along a, is the orientable component of 
A"(6_c)- Note that all exterior boundary curves induce the same orienta- 
tion of Nc, hence p{{c,b)) = ep([6]). The loop p{{c,a)) is determinable 
by (i), thus e is determinable by p((c, a,b)). 

Now assume p{[b]) = vi and choose any generic curve d in F'. The 
edges p{{b, a)) and p{{b, d)) have initial vertex vi and we have already 
proved that such edges are determinable. Hence p{{a,d)) is deter- 
minable by p{{b, a,d)), and e by p{{a, b,d)). 

(iii) Suppose that e has both ends in one-sided vertices. Choose 
any curve c in F' bounding a pair of pants together with two exterior 
boundary curves. Let d be any two-sided non-separating curve in -F(a,c)- 
Then p{[d]) = Vi, and p{{d,c)) and p{{d,a)) are determinable by (ii). 
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thus p{{c, a)) is determinable hj p{{d, c,a)). Analogously ]9((c, b)) is de- 
terminable by a different triangle p{{d', c,b)). Finally e is determinable 
hy p({c, a, b)). 

Suppose that e has one vertex in a one-sided vertex v and the other 
end in a separating vertex. Assume without loss of generality that a 
is separating and denote by the component of Fa which contains 
b, and the other component by A^'. If g{N) = 3 or g{N) = 1, then 
F' contains a non-separating two-sided curve c and e is determinable 
by p((c, a, b)) and (ii). If g{N) = 2, then we choose a one-sided curve 
d in A^' and two-sided, non-separating curve c in A^. Now p{{a,d)) 
is determinable by p{{c,a,d)) and (ii), and p{{b,d)) is an edge with 
two one-sided ends, determinable by previous argument. Finally e is 
determinable by p{{a, b,d)). 

(iv) If e has both ends in separating vertices then F' has a non- 
orientable connected component. Choose a one-sided curve c in F' and 
consider the triangle p{{a, b,c)). The assertion follows by (iii). □ 

Construction of T for g — 2. Suppose that g — 2 and n > A. 
Let V2 denote the unique one-sided vertex of X. For each separating 
vertex v we will define an edge Cy G from V2 to v. We fix b such 
that p{[b]) = V and assume = A^ II A^'. We define = p{{a,b)), 
where a is a one-sided curve in Fh defined as follows. 

Case 1: one component of F^, say A^, is orientable. Then we define 
a to be any one-sided curve in A^'. 

Case 2: both components are non-orientable. Assume that A^ con- 
tains the exterior boundary curve c\. We choose a in A^, so that all 
exterior boundary curves of A" induce the same orientation of A^. 

Suppose that is a two-sided, non-separating vertex of X. Let us 
choose b such that = w. Now is orientable and has genus 0. 

We choose a curve a in Ff, bounding a pair of pants together with the 
exterior boundary curves C\ and C2. We define = ]?((a, 6)). 

We claim that T — {ey\v ^ v-i) \s maximal tree m.X^. First notice 
that T = {ct, I V is separating} is a tree, because every edge G T' 
connects v to V2. Now T\T' = {eyj \ w is two-sided and non-separating} 
and every two-sided and non-separating vertex w is connected to ex- 
actly one vertex of T' by e^. It follows that T indeed is a tree and 
since it contains all vertices of X it is a maximal tree. 

Lemma 6.8. Suppose that g — 2 and T is defined as above. Then the 

following edges of X are determinable: 

(i) all the loops based at V2; 

(ii) all the edges with one end in V2; 

(iii) all the edges with both ends in two-sided vertices; 
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Proof. Let e = p{{a, b)) be any edge of X and F' = F(^a,b)- 

(i) Suppose that p([a]) = p{\b]) = V2. Choose any separating generic 
curve c in F' such that one component of Fc is orientable. Then 
p{{a,c)) = p{{b,c)) = ep([c]) and hence e is determinable by the tri- 
angle p{{a, b,c)). 

(ii) Suppose that e has one end in t>2 and the other end in a separat- 
ing vertex v. Assume without loss of generality, that a is separating. If 
Fa has an orientable component then for each one-sided curve c in F' 
we have p{{c,a)) G T. Now p{{c,b)) is determinable by (i), hence e is 
determinable by p{{c,a,b)). Suppose that both components of Fa are 
non-orientable and let c and d be two one-sided curves in different com- 
ponents of Fa, such that p{{c,a)) = e„. Since p{{c,d)) is determinable 
by (i), p{{d,a)) is determinable by p{{c,d,a)). We have 6 fl c = or 
6 n (i = 0, hence e is determinable by p{{c, a, b)) or p{{d, a,b)). 

(iii) If both ends of e are separating, then there is a one-sided curve c 
in F' and e is determinable by (ii). Suppose that e has one separating 
and one non-separating end. Assume without loss of generality, that 
a is non-separating. Then there is a separating generic curve c in F' 
such that all boundary curves of F are contained in one connected 
component of Fc. In particular, there is a curve d in -F(a,c) bounding 
a pair of pants together with ci and C2, that is p{{a,d)) = ep([a]). The 
edge p{{c, d)) is determinable by the previous argument, hence p{{a, c)) 
is determinable by p{{a, c,d)). If c ~ then we can assume bOd = ^, 
and e is determinable by p{{a, b,d)). In the other case e is determinable 
p{{a,b,c)). Finally suppose that both ends of e are non-separating. 
Since n > 4, F' contains a generic curve 6', and e is determinable by 
pi{a,b,b')). □ 

Construction of T for g = I. 

Suppose that g = 1 and n > 5. It follows from Proposition 15.21 that 
each separating vertex p{[a]) G X° is uniquely determined by a pair 
J, J C {1, . . . , n} such that / n J = 0, 2 < #J + #J < (n - 1), and if 
N is the orientable connected component of Fa then 

• Cj is a boundary curve of N if and only if z G / U J, 

• Ci and Cj induce the same orientation of N if and only if {i,j} C 
I or {i,j} C J. 

We denote such vertex by vj^j, where we assume < ^^J, and if 
= jj^J then mini < min J. Each one-sided vertex p([a]) is uniquely 
determined by a subset / C {1. . . . , n} such that Cj and Cj induce the 
same orientation of Fa if and only if C / or C J', where 

/' = {1, . . . , We denote such vertex by f/, where we assume 
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Figure 4. Representatives of different vertices of the 
complex X of Ff: p{\a]) = wg, p{[b]) = ^{3,4}, p{[c]) = 

< n/2, and if = n/2 then 1 G / (see Figure HJ where we assume 
that all boundary curves have positive orientations with respect to the 
standard orientation of the plane of the figure). 

If #/ + #J < ^K + ^L then vi^j and vk,l are connected by an edge 
in X if and only if one of the following conditions is satisfied: 

• I CK,JCL, #/ + # J < #K + #L; 

• I CL, JCK, 4fI + 4fJ<4fK + 4fL; 

• (/ u J) n (is: u L) = 0. 

Vertices vi and vj^k are connected by an edge if and only if either 
J'OI^K'OI'oTK'OI^JGr. There are no edges connecting two 
one-sided vertices because every two one-sided curves in a surface of 
genus 1 intersect. It follows that X has no loops. Moreover, it follows 
from Proposition 15.21 that for each pair v,w & X^ there is at most one 
edge in with initial vertex v and terminal vertex w. If such edge 
exists, then we denote it by {v; w). If every two of three vertices u, v, 
w are connected by an edge in X, then there are 6 triangles in with 
vertices u, v, w. We denote by {u;v;w) the triangle with edges {u;v), 
{u;w), {v;w). 
We define the maximal tree as 

^= U {(^/;^/,j)}U U {{vi;v^,p)}. 

Lemma 6.9. Suppose that g = I and T is defined as above. Then the 
following edges of X are determinable: 

(i) all edges with ends in vj^j and vk,l, where I ^ K, J L; 
(a) all edges with ends in Vj^j and Vk,l, where {I U J) H {K U L) = 0; 
(Hi) all edges with ends in vj j and vk,l, where I L, J <0 K; 
(iv) all edges with ends in vi j and vk- 

Proof. Let e be an edge with ends in vi^j and vk,l- 
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(i) U I = K then e is determinable by a triangle with third vertex vj. 
Suppose I C K, J = L. The edge (f 0,j; f 0,^') is determinable by the 
previous argument, hence {vk', v%^j) is determinable by [vk] vtnj; v%^k')- 
If / = then e is determinable by the triangle with edges e, {vk] vtnj) 
and {vk',vk,j)- If / 7^ then e is determinable by the triangle with 
edges e, (f/,j;f0_j), {vK,j',VfD,j), whose last two edges are determinable 
by the previous argument. Finally, if I <Z K and J C. L then e is deter- 
minable by the triangle with edges e, {vjj;vjx), {vk^l'jVjx), because 
the last two edges are determinable by previous arguments. 

(ii) If #(/U JUKUL) < n then e is determinable by a triangle with 
third vertex vhjkjul, whose remaining two edges are determinable by 
(i). If #(/U JUi^UL) = n then we assume #(JU J) > 3. Then there is 
a vertex vm,n such that M C J, iV C J and #(MUA^) < i^{lUJ). Now 
{vm,n', vk,l) is determinable by the previous argument, and {vm,n', vi^j) 
is determinable by (i). Hence e is also determinable. 

(iii) Suppose J = K , I C L. If #J > 2 then the edges (f0,L; 'I'j.l) 
and {v%^j;v%^l) are determinable by (i) and (ii), hence any edge con- 
necting f J with vj^L is determinable. In particular, e is determinable if 
J = 0, and if / 7^ then e is determinable by the triangle with edges e, 

{vi,j',V(i,j), whose last edge is determinable by (i). Suppose 
#J = 1. Then #J = 1 and #L > 2. Now e is determinable by a trian- 
gle with third vertex v^^m, where M = L\I if #L > 3, and M = {JUL)' 
if #L = 2 (t^M > 2, since n > 5). In both cases e is determinable by 
(i) and (ii). Finally, if J C if and I C. L then e is determinable by 
the triangle with edges e, {vi^j;vj^l), {vk,l]Vj^l), because {vij;vj^l) is 
determinable by previous arguments, and {vk,l',vj^l) by (i). 

(iv) First assume K = ^. Then / = and if vk = "^(e) then e G T. 
Suppose t>x = t(e). Observe that there is a vertex f0 such that L C J 
or J C L. Now e is determinable by {v^j; vf, v^^l). Now assume if 7^ 
and #J > 2. Any edge connecting vk with W0 j is determinable by 
a triangle with third vertex V(d^k'- In particular, e is determinable if 
1 = 0, and if / 7^ then e is determinable by the triangle with edges e, 
{vk', v^,j), V(dj), whose last edge is determinable by (i). It remains 
to consider the case = #7=1. It is easy to check that then there is 
a triangle with vertices vk, vi^j, vl,m, where / U J C L U M. The edge 
connecting vk with vl,m is determinable by the previous argument, 
hence e is also determinable. 

This completes the proof of Lemma 16.91 and Theorem 16.41 □ 
We a corollary we obtain the following theorem. 
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Theorem 6.10. Suppose that F = is not sporadic and T is as 
in Lemma \6.4\ Then it is possible to express all the generators 



appearing in Theorem \6.3\ as a product of elements in IJ^g^o ■ Hence, 
the presentation in Theorem 1 6. 31 reduces to 

vexo v&xo 

where are the relations obtained substituting in R^^^ the expressions 
for the generators g^- □ 



7. The sporadic surfaces 

Suppose that F is not sporadic. To obtain a finite presentation of the 
group M. [F) using Theorem 16.101 we need finite presentations for the 
groups Stab(s(f )) and finite sets of generators of the groups Stab(s(e)). 
By Proposition 14.21 we can reduce these problems to analogous prob- 
lems for the groups Ai{N), where is a connected component of Fs[v) 
or Fs[e)- Note that has either lower genus than F or equal genus, 
but less boundary components. If is orientable then a finite pre- 
sentation of A^(A^) is known (see [7] for the most general case). If N 
is non-orient able and not sporadic then we can obtain such presenta- 
tion from Theorem 16.101 Thus applying recursively Theorem 16.101 we 
obtain a finite presentation for Ai{F), provided that we know a finite 
presentation of the mapping class group of each sporadic subsurface. 

The groups J^{F^) and Ai{Fl) are well known to be trivial (cf. [6]); 
Ml{Fi) is generated by Dehn twists along the boundary curves and is 
isomorphic to Z^; Ai{F2) = Z2 x Z2 ([16]). Simple presentation for 
A4{F2) was found in [20j, and for M.{F!^) in |[3]. In this section we 
determine a finite presentation of Ai{Fg) for the remaining sporadic 
surfaces, i.e. for {g, n) e {(1, 3), (1, 4), (2, 2), (2, 3), (3, 1), (3, 2)}. 

We begin by introducing the pure mapping class group of a punc- 
tured surface and Birman's exact sequence, which is our main tool 
in this section. Let 5* be an orientable surface with 2r distinguished 
points S = {qi, ■ ■ ■ ,q2r} called punctures. The pure mapping class 
group VJ^{S, S) is the group of isotopy classes rel S of all those diffeo- 
morphisms of S which fix each qi. Up to isomorphism, this group does 
not depend on the choice of S, only on the number of punctures. We 
also define VM.{S,(l)) to be the ordinary mapping class group A^(S'). 
Forgetting that q2r~i and q2r are distinguished defines a homomor- 
phism p: VM{S,^) VM{S,E'), where S' = E\{g2r-i, g2r}. Let 
Q = {{xi,X2) E {S\T,'y I xi 7^ X2}. We define the pure braid group 
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Pi?2(5'\S') as 7ri((5, {(l2r-i,(l2r))- If the Euler characteristic of S\Ti' is 
negative, then there is a short exact sequence due to Birman (see [2]): 

1 ^ PB2iS\^') ^ VM{S, S) ^ S') ^ 1, 

where the homomorphism j is defined as follows. A loop j3 G PB2{S\E') 
defines an isotopy of 0-dimensional submanifold (g2r-i,Q'2r) C SyS', 
which can be extended to an isotopy ht G Diff(S', S'), < t < 1 such 
that ho = 1 and hi{qi) = for 1 < i < 2r. We define to be the 
isotopy class in 013(5*, S) of hi. 

Suppose that r: S* ^ S* is an orientation reversing involution of 5*, 
without fixed points, and such that r(g2fc~i) = ?2fc for 1 < /c < r. 
Then S/r is a non-orientable surface with r distinguished points F = 
{pi, . . . ,Pr}- Consider the subgroup VJ^{S, S, r) of VJ^{S, S) consist- 
ing of all isotopy classes which admit a representative which commutes 
with T. It can be shown that two such representatives are isotopic rel 
E if and only if they are isotopic via an isotopy which commutes with r 
at each time (cf. [3]). Since every diffeomorphism of S/t has a unique 
orientation preserving lift to S which commutes with r (the two lifts 
differ by r which is orientation reversing), VAi{S, E, r) can be identi- 
fied with the group of isotopy classes rel F of diffeomorphisms of S/t 
which fix each pi and preserve the local orientation of S/t at each pi. 

It follows from the definition of j, that j(/5) G VM.{S,T,,t) if and 
only if (3 is represented by a loop of the form t \—>- {at, T{at)), where t \—>- 
at is a loop in S\T,' based at g2r-i- Thus the pre-image j~^('PA^(5', E, r)) 
can be identified with 7ri(S'\E', g2r-i) and we obtain the exact sequence: 

(7.1) 1 ^ 7ri(5\E') ^ VM{S, E, r) A VM{S, E', r) ^ 1. 

Suppose now that F is a non-orientable surface of genus g with r 
punctures F = {pi, . . . ,Pr}- Let VA4{F,r) denote the pure mapping 
class group of F. It is defined as the group of the isotopy classes rel F 
of all diffeomorphisms of F which fix each pi. Consider the subgroup 
VAi^{F,T) of VJ^{F,T), consisting of the isotopy classes of those 
diffeomorphisms which preserve the local orientation of F at each pi. 
If S is the orientable double cover of F and F = S/t, then it fol- 
lows from above considerations that VAi~^{F, F) can be identified with 
VMl{S, E, r). Note that 7ri(S'\E') can be identified with the subgroup 
7ii{F\T',pr) of 7ii{F\T',pr) cousistiug of the two-sided loops. With 
such identifications the sequence (17. ip becomes: 

(7.2) 1 ^ 7i+{F\T',pr) ^ VM+{F,T) ^ VM+{F,T') 1, 
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Figure 5. = ^a^^a-, 

where we assume that the Euler characteristic of F\T' is negative (that 
is 5^ + r > 3). 

In this paper we use the same symbol to denote a loop and its ho- 
motopy class in the fundamental group. In order for j to be a homo- 
morphism, the product a/3 of two loops should mean first travel along 
/? and then along a. 

If a is a simple loop in F based at "Pr-, then j(a) is the isotopy class 
of a diffeomorphism obtained by sliding once along a. 

The next two lemmas are proved in [13], (6.1). 

Lemma 7.1. Let a G ii\{F\Y' ^"p^^ he a two-sided simple loop and let 
ai, a2 denote boundary curves of a tubular neighborhood of a. Then 
j{a) = ta^ta2, where ta^ and ta^ are Dehn twists about ai and 02 in the 
directions indicated by arrows in Figure\^ □ 

The pure mapping class group VM.{F^V) acts on 7r^(F\r') in the 
obvious way. We denote this action by h{a) for h G 'PA^(F, F) and 
a G 7r+(F\F'). 

Lemma 7.2. The homomorphism j is VA4{F,r)-equiveriant. That is 
]{h{a)) = hj{a)h-^ for h G VM{F,T) and a G 7r+(F\F'). □ 

Suppose that F = F^ is a non-orientable surface of negative Euler 

characteristic (i.e. g + n > 2) and let Ci, . . . , c„: 5*^ ^ OF denote the 
boundary curves. Let F = F^ he the closed surface with punctures 

F = {pi, . . . ,pn} obtained by gluing a disc with a puncture pi to dF 
along Q for 1 < i < n. We identify F with a subsurface of F and 
denote by i^ \ M.{F) — > VJ^^{F,V) the homomorphism induced by 
the inclusion i: F —>■ F. It can be proved, using the same methods as 
in the proof of Proposition 14.11 that ker is a free abelian group of 
rank n generated by Dehn twists about the boundary curves q. Thus 
we have the exact sequence 

(7.3) 1 ^ ^ M{F^) ^ VM+{F^,T) ^ 1. 
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Remark 7.3. Note that ker is a central subgroup of A4{F^). Indeed, 
for every i G {1, . . . , n} and h G M.{Fg) we have htah'^ = th{ci) = tci- 

We record without proof the following easy lemma. 
Lemma 7.4. Consider a short exact sequence of groups 

and suppose that K and H admit presentations 

K={Gk\Rk), H={Gh\Rh). 
Then G admits the presentation 

(7.4) {^{GK)U(hi\^{RK)l^RHl^R), 
where: 

ii^Gx) = {iik) I k G Gk}, Gh = {h\h G Gh}, where h is any 
element in G such that p{h) = h, 
^{Rk) = {i{ki) ■ ■ ■ i{kn) I /ci ■ ■ ■ A;„ G Rr}, 

Rh = {hi ■ y hnW{hi ■ ■ ■hn)\hi - ■ -hn e Rh} , 

R = {hi{k)h-^w{k, h)\heGH,ke Gk}, 
where w{hi ■ ■ ■ hn) and w{k, h) are suitable words in generators i{GK)- 

We can now obtain finite presentations for the mapping class groups 
M.{Fg) of the sporadic surfaces in the following way. Starting from 

known presentations of the groups VM.'^{F^, {PijP2}), "^-^^(-^2 > {Pi}) 
and M.{F^), we obtain presentations for all VAi^{Fg, F), by applying 
recursively Lemma 17.41 to the sequence (17. 2p . To do this, we need 
finite presentations for the groups 7r^(F^\r'). These can be obtained 
from standard presentations of fundamental groups 7ri(F°\r') by the 
Reidemeister-Schreier method (see, for example, [IZj). Once we have 
found the presentations for VAi~^{Fg,r), we obtain presentations for 
Ai{Fg ), by applying Lemma [73] to the sequence (17.31) . 

7.1. Sporadic surfaces of genus 1. Until the end of this paper we 
use the capital letter A to denote a Dehn twist about the curve labelled 
as a. In order for this notation to be unambiguous, we have to specify 
the direction of the twist A for each curve a. Equivalently we may 
choose an orientation of a tubular neighborhood of a. Then A denotes 
the right Dehn twist with respect to the chosen orientation. 

Consider a 2-sphere S with four holes embedded in F. Let oq, oi, a2, 
as denote disjoint boundary curves of S, and a^, dis, 023 separating 
generic curves such that aij separates and aj from the other two 
boundary curves of S (Figure [6]). If Ai and Aj^ are right Dehn twists 
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Figure 6. The curves of the lantern relation. 




Figure 7. Generators of tti {F\{pi, P2} , P3) and generic 
curves in Ff. 

with respect to the standard orientation of the plane of Figure [6|, then 
we have the well known lantern relation: 

(7.5) A0A1A2A3 = A12A13A23. 

The lantern relation was discovered by Dehn [5] and rediscovered by 
Johnson [H]. Note that since Aij commutes with Ak, we have: 

(7.6) A12A13A23 = = 

Let us fix four points pi, . . . ,p4 in the projective plane F = F^ rep- 
resented in Figures [7] and [8], where the curve Ci bounds in F a disc 
containing pi. Let n e {3,4} and consider the embedding i: F ^ 
F, where F = F", and the induced homomorphism i^,: Ai{F) —>■ 
VA4^{F, {pi, . . . ,Pn}) (if n = 3 then we forget that p^ is distinguished). 
We identify F with i{F), and a curve a in F with i o a in F. 

Consider the loops ai, ajk, Pjk represented in Figures [7] and [H where 
we assume, that each of them represents a two-sided simple loop in 
^i"(-^\{Pi;P2},P3) or 7!'^{F\{pi,p2,P3},P4). The bouudary of a tubular 
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Figure 8. Generators of 7rj^(F\{pi,p2, P3},P4)- 

neighborhood of such loop consist of two two-sided simple closed curves, 
one of which is trivial (i.e. it either separates a Mobius strip or a disc 
containing one puncture). We use the symbol Oj or Ujk or bjk to denote 
the non-trivial boundary component of the tubular neighborhood of 
the corresponding loop (see Figure [7]). Then by Lemma [7.11 we have 
j{ai) = Ai, j{ajk) = Ajk, j{Pjkl = Bjk- Note that a^, ajk, bjk may be 
chosen to be generic curves in F. 

Theorem 7.5. The group VAi^{F, {pi,p2,P3}) is free, generated by 
A3, A23, B23. The group M{Ff) is generated by A3, A23, B23, Ci, C2, 
C3 and isomorphic to 1? x PA1"'"(F, {pi,p2,P3})- 

Proof. It can be deduced from Theorem 4.1 of pL5j that the group 
VM~^{F, {pi,p2}) is trivial. Thus 

j: 7Tt{F\{p,,p2},P3) ^VM + {F,{puP2,P3}) 

is an isomorphism. The fundamental group TTi{F\{pi,p2},P3) is free 
on generators 0^23 and x, where a; is a one-sided loop, such that = 
a^^, xa23X~^ = ^23- Now {l,a;} is a Schreier system of represen- 
tatives of right cosets of t^i {F\{pi, P2} , ps) and by the Reidemeister- 
Schreier method we obtain that the last group is freely generated by 
the loops as, ^23, ^23- Hence the first part of Theorem 17.51 The sec- 
ond part follows from the sequence (17. 3p . Indeed, the sequence splits 
as 'n'i{F\{pi,p2},P3) is free, and the kernel of is central by Remark 
Ol □ 

Theorem 7.6. The group VA4^{F, {^1,^2,^3,^4}) admits a presenta- 
tion with generators {A3, A4, A23, A24, A34, B23, B24, B34, D} and rela- 
tions: 

(1) A23A4 = A4A23, A24A3 = A3A24, 
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(2) ^^1^4^34^34 = 534A3 1^4^34, 

(3) A4A34A24-B23 = -B23A4A34A24, 

(4) A34AJM23524 = 524A34AJM23, 

(5) A34A24A23 = A24A23A34 = ^23^34^24, 

(6) -834^23-824 = ^23-824-834 = -824-834^235 

(7) A4A34AJI = A34A3 ^4 = A3 ^^4^34, 

(8) A34 S24-823 = -824-823^34^ = B 23 A^^B 24, 

(9) ^24523/^-^ = 523^-^^24 = 1^-^24523, 

(10) D = A^,'A^'B34A4A34. 

The group J^{F^) is isomorphic to x VM.^{F, {pi,P2,P3,P4})- 
Proof. Let us denote, for simplicity, 

TT = 1lt{F\{pi,P2,P3},P4.), G = VM^{F, {P1,P2,P3,P4})- 

The fundamental group T!'i{F\{pi, p2, ps} , P4) is free on generators 0:24, 
034 and X, where a; is a one-sided loop, such that = 04, a;a24a;~^ = 
/?24, xa34a;~"^ = P34. Now is a Schreier system of representatives 

of right cosets of vr and by the Reidemeister-Schreier method we obtain 
that vr is freely generated by the loops in Figure [HI By Lemma 17.41 
applied to sequence fl7.2l) and Theorem I7.5[ G admits a presentation 
with generators A3, A23, B23, A4 = Jia^), A^ = j(afc4), = j{(3k4), 
k = 2,3 and relations hgh~^ G j(7r) for each h G {^43, ^23, -823}, 9 G 
{A4, Ak4, Bk^l k = 2,3}. We will show that all these relations are 
consequences of (1-10). We have: 

(1) A23A4A^.^,A3A24A^' e (2) ^3^34^3! G j{7r); 

(10) ^De Jin). From (5) follows ^123^34^^3' = ^34 A34A24 G jin), 

^23^34^24^23^ = A34A24 =^ ^23^424^^3^ G j(vr). Analogously we have 

(6 - 9) ^ {^23^24^2^, ^23^34^2^, A3A34A^\ A3A4A^\ ^23^34^2^, 

B23B24B^i,B23DB^l,B23A24B^i} C j(7r). From (3) follows 
1^23^4^34-8^3^ G j(7r); from this and (8) we have B23A4B23 G j(7r) 
and from (10) follows B23B34B23 G j(vr). Finally we have (4) =^ 
A3A^l B24A34A^^ = A23B24A2i, and by (6,7) we have ^3^24^3^ G 

Now we show that relations (1-10) are satisfied in Ai{F), and hance 
also in G. By relation (10), the generator D is a Dehn twist about the 
curve ^^4^4^^ (634) bounding a pair of pants together with C3 and C4. 
The relations (1) are obvious. By considering appropriate embeddings 
of a 2-sphere with four holes in F, it is easy to recognize (5-9) as 
relations of type 07.61) . i.e. consequences of the lantern relation. In 
particular, we have lantern relation A12C3C4 = ^44^434^4^^, where y4i2 
is Dehn twist about a curve bounding a pair of pants together with 
Ci and C2. Since 534 commutes with A12, C3 and C4, the relation 
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Figure 9. The diffeomorphism U. 

(2) holds. By Lemma 17.11 we have j(a4Q;34a24) = ^i4 £ G, where 
ai4 bounds a pair of pants in F together with ci and C4. Thus in 
Ai{F) we have A4A34A24 = A14C, where C is a product of twists 
Ci, . . . , C4. Since B23 commutes with and C, (3) holds. Consider 
a monomorphism j' : T^t {F\{pi, p2, P4} , P3) G, defined like j. There 
exists exactly one loop 034 such that ^'(0:34) = ^34 G G, and we have 
j'{a'^4^a^^a23) = A13 E G, where 013 bounds a pair of pants in F 
together with ci and C3. Since ,824 commutes with A13, (4) holds. 

We have shown that (1-10) are relations in G, and all relations from 
Lemma [7.41 are consequences of (1-10). Hence G admits presentation 
with relations (1-10). Since these relations hold also in A4.{F), the 
sequence (17. 3p splits, and since the kernel of i^: is central, we obtain 
M{F) = Z^xG. □ 

7.2. Sporadic surfaces of genus 2. Consider the Klein bottle K 
with one hole represented in Figure [91 Let f/ be a diffeomorphism 
of K interchanging the shaded discs in Figure [9] and such that f/^ is 
the Dehn twist about the boundary curve c, right with respect to the 
standard orientation of the plane of the figure. Up to isotopy, U acts 
on the arc d as it is shown in Figure [3 (see [21] for precise definition). 
We fix Dehn twist Ai about the curve ai, in the direction indicated by 
arrows in Figure [HI The composition UAi is the Y-homeomorphism (or 
cross-cap slide) introduced by Lickorish [16j . The next theorem follows 
immediately from Theorem A. 7 of [20]. 

Theorem 7.7. The mapping class group A4{K) is generated by Ai 
and U and admits the presentation {Ai, U \ UAiU~^ = A]^'^). □ 

Let F = F2 be the surface obtained by gluing a pair of pants to K, 
and let ci and C2 denote the boundary curves of F (Figure [TOl). We 
extend U by the identity outside i^' to a diffeomorphism of F. Let C, 
Ci, C2 Di, D2 be Dehn twists about the curves represented in Figure 
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Figure 10. The surfaces F = F2 and 




Figure 11. Generators of vri(F\{pi},p2) and 7rj'"(F\{pi},p2)- 

[TOl right with respect to the standard orientation of the plane of the 
figure. We also define Dehn twist Ai, A2 in the indicated directions. 
Note that = C and f/Dzf/"^ = Di. 

The right hand side of Figure [TO] represents the four-holed sphere 
Fa^ obtained by cutting F along ai, where o a[ = o a'{ = ai, 
PaAc'i) = Ci for i = l,2, PaAc') = c, Pai(a2) = (^2, Pa^b) = U{a2). If 
C, A[, Ai, A2, B are right Dehn twists with respect to the standard 
orientation of the plane of Figure fTOl then p*{C'^ = Ci, p*{C') = C, 
pM'iA'D = 1, PM2) = ^2, and p,{B) = UA2U-\ 

Lemma 7.8. In M{F) we have {A2UY = {D2Uf = C1C2. 

Proof. We have the lantern relation C[C2A[A'l = A'^BC. By applying 
p, to both sides we obtain C1C2 = A2{UA2U~^)U^ = (^2^/)^ By 
another lantern relation we have C1C2 = D2D1C = D2{U D2U^^)U'^ = 
{D2Uf. □ 

Let F = F2 be the Klein bottle obtained by gluing a disc with 
a puncture pi to dF along q for i = 1,2. We identify U, Ai, A2, 
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D2, with i*{Ai), i^{A2), i^.{D2) respectively, where 4: M{F) 

VA4~^{F, {pi,P2}) is the homomorphism induced by the inclusion of F 
in F. 

Theorem 7.9. The group VAi^{F,{pi,p2}) admits a presentation 
with generators {Ai, A2, D2,U} and relations: A1A2 = A2A1, 
UAiU-^ = A^\ A2UD2 = D2^A2U, {A2Uf = {D2Uf = 1. 

Proof. Consider the exact sequence (17. 2p : 

1 ^ n^iF\{p^},p2) ^ VM+iF, {p^,p2}) ^ VM^{F, {p,}) ^ 1. 

By Theorem 17.71 and sequence (17.31) . VM.^{F, {pi}) has presentation 

(Ai, U I UAiU'^ = A^\ = 1). 

The fundamental group ni{F\{pi} , P2) is free on generators Xi, X2 in 
Figure [m Now {1, X2} is a Schreier system of representatives of cosets 
of nf{F\{pi},p2) and by the Reidemeister-Schreier method we obtain 
that the last group is freely generated by 62 = X2, a2 = X2X1 and 
XiX2^. It follows that nf{F\{pi},p2) is free on generators 62, 0^2, 1, 
where 7 = xl{xiX2'^)(x2Xi). Observe that = f/~^, j(«2) = A2Ai'^, 
j{62) = D2. By Lemma [731 {Pi)P2}) admits presentation 

with generators ?7, Ai, 7(7), j(a2), j{^2) and relations UAiU~^ = A^-^, 
f/2 = (j(7))-\ and (by Lemma D: Uj{'y)U-^ = j(7), Uj{a2)U'^ = 
j(a2"S)> Uj{62)U-' = j(5S), ^ij(7)^r' = J(7), A,j{a2)A^' = 
j{a2), Aij{62)A^^ = j(7a2 ^<52a2)- Substituting = f/ ^ j("2) = 
A2A'^'^, j{52) = D2 we obtain a presentation which can easily be shown 
to be equivalent to that in Theorem 17. 9[ □ 

Theorem 7.10. The group A4{F2) admits a presentation with gener- 
ators {Ci, Ai, A2, D2, U} and relations: CiAi = AiCi, for i = 1,2, 
C1D2 = D2C1, CiU = UCi, A1A2 = A2A1, UAiU-^ = A^\ 
A2UD2 = D2^A2U, {A2Uf = {D2UY. a 

Proof. From sequence (17.31) . Theorem 17.91 and Lemma 17.81 we obtain 
a presentation for A4{F2) with generators {Ci, C2, Ai, A2, D2, U} and 
relations listed in Theorem 17.101 and 

(7.7) C1C2 = C2C1, C2D2 = D2C2, C2U = UC2, C2Ai = AiC2, 
for i = 1,2 and 

(7.8) {A2Uy = C1C2. 

We claim that the relations (17. 7p are consequences of the relation (17.81) 
and relations from Theorem I7.10[ Clearly it suffices to check that 
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Figure 12. Generators of 7ri(F\{pi,p2},P3) and 7r^(F\{pi, j92},P3)- 
relations 

D2{A,Uf = (A.UfD^, UiA^Uf = (Aaf/)'^/, AiA^Uf = {A2UYA, 

follow from those in Theorem Eini Observe that Ai(A2f/)^ = (Aaf/)^! 
follows from A1A2 = A^Ax and U AxU~^ = A];^. From A2UD2 = 
D^^AiU we have D:^\A2UfD2 = (Asf/)^ and U{A2UYU~^ = 
U{D2UfU-^ = D^\D2U)^D2 = D^\A2U)^D2 = {A2U)^. Finally we 
have A^\A2UYA2 = U{A2UfU-^ = Ust/)^. It follows that relations 
(17.71) are redundant, and hence they can be removed from the presen- 
tation. Then the generator C2 can also be removed together with the 
relation 1^. □ 

We fix a point ps G F\K, different from p2 and pi, and such that ps 
andp2 are in different components of F\{aiUa2). We identify U, A2, Ai 
and D2 with elements of VM.'^{F, {pi,P2,P3})- Let A3 and D3 be such 
Dehn twists that j{as) = A^A^^ and ji^Ss) = D3, where 03, ^3 are the 
loops in Figure [121 and j : vr+(F\{pi,p2},P3) ^ 'PM^iF, {pi,p2,P3}) 
is the monomorphism from sequence (17.21) . 

Theorem 7.11. The group VAi'^lF, {pi,p2,P3}) admits a presenta- 
tion with generators {Ai, A2, A3, D2, D^jU} and relations: 

(I) AA^=A,A, fort, J e {1,2,3}; (2) UA,U-' = A^'; 
(3) A2UD2 = D,'A2U; (4) (Asf/)^ = {D2Uf = (f/Z^s)'; 
(5) (UD^y = {D^Uf; (6) D3UD2U-' = f/^sf/^'/^s; 

(7) A3UD2D3 = UD2DsA^'; (8) (UA^Y = (t/I^s/^s)"'; 

(9) ^2(^3^7^2)2 = (A3t/D2)'^2; 

(10) A2A^'D3A,A^' = A3UD2D^\A3UD2)-'; 

(II) A,{AsUD2fA^' = {UD2)-\AsUD2)^UD2. 
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Proof. Let us denote, for simplicity, 

TT = 7r+(F\{pi,p2},P3), G = VM^iF, {puP2,P3}). 

The fundamental group TCi{F\{pi, P2} , P2) is free on generators ^235 Vi, 
1/2 in Figure [T2l Now {1,112} is a Schreier system of representatives of 
cosets of vr and by the Reidemeister-Schreier method we obtain that 
the last group is freely generated by S23, S3 = 1/2, e = 1/2^23112'^, V^Vi 
and yiy2^- It follows that vr is free on generators 523, S3, e, 03, 812, 
where 5i2 = h{yiy2^){y2yi), as = y2yih3- By Lemmas O and ES we 
have 

(7.9) j{523) = {UA3f, j{6i2S23) = {UD2)-'. 

First we show that relations (1-11) are satisfied in G: (1) and (6) are 
obvious; (4) and (5) follow from Lemma [778] (2), (3), (7) are relations 
of type htah~^ = t^^^^ and hence they can be checked by looking at the 

effect of h on the curve a; (10) follows from A2A^\63) = A3UD2{6^^); 
(8) is equivalent to UD2D3D^^U-^ = {UA3)-^D^\UD2)-^ which 
follows from UD2{53) = 5^3^53"^5i2523- It can be checked that eSs = 
A3{{Si2S23)~^S3) and hence j{e) = A3{UD2fD3A^^D^^; from this and 
(7) we obtain 

(7.10) j{e) = {A3UD2f. 

Now (9) and (11) follow from (I7.10p and the equahties A2{e) = e and 
A,{e) = {UD2)-\e). 

By Theorem 17.91 and sequence (17.21) . G admits presentation with 
generators {Ai, A2, D2,U, j{a3), j{53), j{5i2), j{623), ii^)} and relations 
(2), (3), A,A2 = A2A1, {A2Uf = {D2Uf = mi^i-l) and: 

(i) U3{a3)U-^=3{523a3'5i2523); (h) t/j(<53)f/-' = j('^3"''^i2); 
Cm)Uj{823)U-^=3{623); (iv) Uj{5r2)U-^ = j('5i2); _ (v) Uj{e)U-^ = 
j{5^ ^5126230^ ^603623^6^263); (vi) D2j{a3)D2 ^ = j(<^23^<^3 ^^^3^3); 
(vii) 023(63)02' =j{623%623y, (viii) 023(623)02' =j{02{6^')63623); 
(b,) 023(6,2)02' = j{6u62302{62^)); (x) 023(8)02' = 3{02{a3)a^%3); 
(xi) A2jia3)A^' =j{a3); (xii) A2j(^3)^2^ = j('^i2523a3 ^^^3^3); 
(xiii) A2j{623)A2' = jia^'623a3); (xiv)v42j(^i2)v42 ^ = 
3 {612623) A2j (623') A2' ; _{xv) A23i8)A2' = j^e); (xvi) Ad{a3)A^^ = 
j("3); (xvii) Aij{63)A];' = 3(5126230:3' 63a3623'); (xviii) Aij{623)A^' = 
3(623); (xix) A,3{6,2)Ai'= 3(6,2); (xx) A,3{e)A^'=3{{U02)-'{e)). 

It remains to check, that the relations (i-xx) above are consequences 
of (1-11) in Theorem [731] and UM, fmU]) . 3(63) = O3. We have: 

(i) ^ UA3A2'U-^ = {UA3)^A^'A2{A2U)-^ ^ (Asf/)^ = {UA2)^ <= 

(4); (ii) ^ UO3U-' = 0,'{U02)-\UA3)-' 
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D^'D2'U-'DsUD2D3 D^^U-^DsUDs ^ (5); (iii) ^ {UA^y = 
(AsU)' <= (7,8); (iv) ^ UiUAsfiUD^fU-' = {UA.fiUD^f <= 

(4,7,8); (v) ^ U{A,UD2fU-^ = D^\U D2)-\A,U D^fiU D2)D, 

A^'D^'A.iUD^fDs D,{A^UfD2 = {A.UfD^D, ^ 

Ds{UD2Ds)-^D2 = {UD2Ds)-^D2Ds <= (4,5,6); 

(vi) ^ D2A,A,'D^' = {A^U)-^D^\A,,UD2fD^A,A2^ M 
D2 = {A^U)-^D^^A^{UD2fD^UD:,^U-^A^^ ^'='^ 

{A^U)-^D^\A^UfD2D^ {UD2Ds)^D^\UD2Ds)-^D2Ds <= (4,5,6); 

(vii) ^ D2D^D^' = {UD2D3)^Ds{UD2D3y' <= (4,5,6); 

(viii) ^ D2{UD2Dsy^D^^ = D2D^^D^^D3{UD2D^)-^ <= (4,6); 

(ix) ^ ^2(512^23) = 512^23 ^ (^^^^2)' = (1^2^/)' ^ (4); 

(x) ^ D2{A3UD2yD^' = D2A,A^'D^'A2A^\A,uy <= (3); 

(1) ^ (xi); (xii) ^ A2DsA^' = {UD2y^A2A^\AsUD2yD,AsA^' S 
^(f/A)' = {UD2fA2 <= (4); (xiii) ^ A2(f/A3)M2-^ = 

A2A3-i(f/A3)^A3A2^ ^ (UAs)' = {AsUy <= (7,8); 
(xiv) ^ A2(t/Z^2)' = (t/D2)'^ <= (4); (9) ^ (xv); 

(xvii) ^ AiD3^r' = (f//^2)-'A2A3 '/^3^3A"'(f/^3)- 

A2A^'D3A,A^' = A,{UD2fD,{UA,)^A^' U (10); 
(1,2,4) (xvi,xviii,xix); (xx) ^ (11). □ 

Let F = F| be a subsurface of F such that boundary curve q : 5^ — >■ 
OF bounds in F a disc with puncture Pi for i = 1,2,3. We identify 
{Ai, A2, A3, D2, D3, U} with elements of M{F). 

Theorem 7.12. The group A^(F|) admits a presentation with gener- 
ators {Ai, A2, A3, D2, -D3, U, Ci, C2, C3} and relations (1 — 7), (9 — 11) 



(1'2,4) 



from Theorem\7ll\ and (8') {UA3y{UD2D3y = {CiC2C3y, QCj = 
C,C„ aA, = Afi,, QDk = QDk, aU = Ua, for I, J e {1,2,3}, 
k G {2,3}. 

Proof. Let H denote the subgroup of Ai{F) generated by the twists 
{Ci, 02,03}. It is easy to see that relations (1-7) and (10) are satis- 
fied in Ai{F). In the proof of Theorem 17.111 we showed that j{e) = 
(^3^71^2)^ in VM.^{F, {pi,P2iPz})- On the other hand, by Lemma \TA\ 



j{e) is equal to a Dehn twist E about a generic curve e. Thus in A4{F) 
we have E{A3UD2)~'^ G H. It can be checked that in Ai{F) we have 
A2EA:^^ = E and AiEA^^ = {UD2)-^E{UD2), and hence (9) and (11) 
hold, since H is central. 
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Figure 13. The torus T3 

Let and / denote boundary curves of tubular neighborhoods of 
the loops 623 and 63623, such that in VA4^{F, {pi,p2,p3}) we have 
D23 = ^(^23), LD2^ = j {63623). The curves ^23 and ci bound in F 
a Klein bottle with two holes, while I, C2, C3 bound a 4-holed sphere, 
together with a curve bounding a Mobius strip. Thus we have lantern 
relation LC2C3 = £'23^2^3 and relation {UA3Y = {ULf = C1D23 
from Lemma EH Now {UA^f = {ULf = {UD23D2D^{C2C3)-^f = 
DUC2C3)-\UD2D,f = {UA,Y{C^C2C3)-\UD2D,f ^ (8'). 

Theorem 17.121 follows from Theorem 17.111 and sequence fl7.3l) . □ 

7.3. Sporadic surfaces of genus 3. Consider a torus with three holes 
T3 represented in Figure [T31 and let T2 be the torus with two holes 
obtained by gluing a disc to the boundary of T3, along the curve C2. We 
fix in T3 and T2 the orientation induced by the standard orientation of 
the plane of Figure [T3l and let Cj, Aj, 5, i = 1, 2, 3 denote Dehn twists 
along the curves in the figure, right with respect to that orientation. 
The next theorem follows from the main result of [7]. 

Theorem 7.13. The group M.{T3) admits presentation with generators 
{Ci, Ai, B \ i = 1, 2, 3} and relations: 

(7.11) CiCj = CjCi, CiAj = AjCi, CiB = BCi, 

(7.12) AiAj = A,Ai, AiBAi = BAB, 
for i,j = 1, 2, 3, and 

(7.13) {A,A2AsBf = C1C2C3. 

A presentation for M.{T2) may he obtained by adding to the above pre- 
sentation relations C2 = 1 and A2 = A3. □ 
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Figure 14. The surface F = 




Figure 15. Generators of 7ri(F,j9i) and {F, pi) . 



Remark 7.14. The relation (\7A3^ is called "star" in [Tj. In M{T2) it 
takes form {AiA^BY = C1C3, and it follows from relations fl7.12p that 
{A.AlBf = {AjA^Bf. 

Let F = F^ he the surface obtained by gluing a Mobius strip M to 
the boundary of T3 along C3. We identify F with the surface represented 
in Figure [TU where M is a regular neighborhood of the one-sided curve 
e. Consider an embedding (p: K ^ F, where K is the holed Klein 
bottle in Figure [HI such that o c = c and o oi = Oi. We define 
U = 4>*{U), where U : K ^ K is defined in Subsection 17.21 We identify 
Ai, A2, A3, and B with elements of A1(F) (the directions of these twists 
are indicated by arrows in Figure [T^ . 

Let F = F3 be the closed surface obtained by gluing two discs to 
dF. We fix a point pi E F inside the disc bounded by ci, and P2 & F 
inside the disc bounded by C2. 
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Theorem 7.15. The group VA4^{F, {pi}) admits a presentation with 
generators {Ai, A2, B,U} and relations: 

(1) A1A2 = (2) AiBAi = BAiB, A2BA2 = BA2B; 

(3) UAiU-^ = A^^; (4) UBU'^ = ^2 ^E^^Aa; 
(5) {UA2)' = 1; (6) (A^AjB)' = 1. 

Proof. Let us denote G = VM.^{F, {pi}). Notice that relations (1-6) 
are satisfied in G: (1) is obvious; (2, 3, 4) are relations of type htah^^ = 
^h{a)' (^) follows from Lemma l7.8j (6) is a star relation (cf. Remark 

Consider the exact sequence (17. 2p : 

1 ^ 7r+(F,pi) ^ G ^ M{F) 1. 

The fundamental group 7ri(F, pi) is generated by the loops xi, X2, 
in Figure [T5] satisfying one defining relation x\x\x\ = 1. Now {1,X3} 
is a Schreier system of representatives of cosets of nf{F,pi) and by the 
Reidemeister-Schreier method we obtain that the last group is gener- 
ated by Ml = Xix^'^, U2 = X2xj^, Us = X3X1, M4 = X3X2 and = x^ 
satisfying two defining relations: M5M2M4M1M3 = 1, M5M4U2M3M1 = 1. 
After Tietze transformations (cf. [T?]) we obtain 

7r+(F,pi) = («i,/5i,5,7|/?rirV'a"'5ai/5i7 = 1), 

where ai = u^, 6 = u^, Pi = U2U3, 7 = U1U3 are the loops in Fig- 
ure [151 It follows from Theorem 2 of [3] that Ai {F) admits a pre- 
sentation with generators {Ai,B,U} and relations AiBAi = BAiB, 
UAiU-^ = A^\ UBU-^ = A^^B-^Ai, = 1, {AjBf = 1. The 
last relation is a special form of the star relation fl7.13p and it can be 
checked that in G we have (AfBY = j(/3f^ai/3iaf ^). We also have 
UBU~^Ai^BAi = j{Pi^ai^). By Lemma [7.41 G admits presentation 
with generators {Ai, B,U, j{ai), ji^j), j{6)} and relations: 

(i) AiBAi = BAiB; (ii) UAiU'^ = A^^; (iii) UBU'^A^^BAi = 

j(/3rV^);(iv) f/2 = j(7); (v) (A?5)3 = j(/?rWi«r'); 

(vi) jiPi'5-'^-^a-'Saipi^) = 1; (vii) Aij(«i)Ar' = j("i); 

(viii) Aij{Pi)Ai' = j(«r'A); (ix) ^ij(7)^r' = J(7); (x) Aij{6)A^' = 

j(7-'«r''5«i); (xi)i?j(«i)5-'=j(«iA); (xii)i?j(A)i?-'=j(A); 

(xiii) 5j(7)5-' = j(/5rS5A); (xiv) Bj{6)B~' =3(6); 
(xv) t/j(ai)?7-i = j(arS"'); (^vi) Uj{(3i)U-' = j{^6aM 
(xvii) Uj{-f)U-' =j{^y, (xviii) Uj{6)U-'=j{6-'^-'). 
We have: 

(7.14) j(7) = t^', j(«i) = ^^r\ jm = AiA2'BA2A^'B-\ 
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It can be checked that U^^B{ai) = 6 Pi, and hence 



(7.15) j{6) = U-^BA2A^^B-^UBAiA:^^B-^A2A^\ 



Let H denote the subgroup of G generated by {^1,^2,-8}. Consider 
the homomorphism i^: Ai{T2) —>■ G induced by the inclusion of T2 in 
F. It can be proved, using the same methods as in the proof of Lemma 
14.11 that ker is generated by {Ci, C3}. Now it follows from Theorem 
17.131 that i^:{A4{T2)) = H and every relation in if is a consequence of 
(1,2,6). 

We will show that relations (i)-(xviii) after replacing j(ai), j(/3i), 
j(7) and j(5) by expressions fl7.14[m5|) . are consequences of (1-6). Re- 
lations (i,ii) are the same as (2,3); (iv,xi,xvii) are trivial; (v,vii,viii,xii) 
are relations in H, hence they follow from (1, 2, 6). We have 

UBU-^A^^BAi = A2^B-^A2A^^BAi = BA2^AiB-^ ^ (iii); (3) 
(ix); (1, 3, 5) ^ (xv); (x, xiii, xiv) can easily be reduced to relations in 
H, by using (1-4). 

Let X = UBA2^AiB-^A^^A2BA^^A2B-^U, and note that to prove 
(1-6) (xvi, xviii), it suffices to show (1-6) ^ X e H. By (2,3,4) 
we have UAiU'^ G H, UBU-^ G H, BA2B-^ = UB-^U-\ thus X G 
H ^ UA2^B~^A^^A2BA^^A2B-^U e H ^ U A2^ B'^ Af B'^U G 
H. It can be checked that from (1,2,6) follows A^^E^M^^^-^A^^ = 
AiBAlBAi, hence X e H ^ UA2U e H (5). Finally, we have 

U-'j{f3^'a^')U-'j{a^')U-'j{(3i)U, thus (vi) ^ (t/j(«i))' = 1 <= 
(1,3,5). □ 



Theorem 7.16. 

erators {Ai, A2 

{A2uy = {uA2y 



The group Ai{F^) 
B, U}, relations 
= {AlA2Bf. 



admits a presentation with gen- 
ii — A) from Theorem \ 7.15\ and 



Proof. Consider the surface F3 obtained by gluing a disc to the bound- 
ary of F along C2- Observe that relations (1 — 4) from Theorem 
17.151 are satisfied in M{F^), and we have (^^^2-8)^ = Ci (star) and 
{A2Uy = Ci (Lemma 17.81) . After replacing the generator Ci in the 
presentation of M.{Fl) resulting from applying Lemma [73] to sequence 
(17.31) . we obtain Theorem 17.161 □ 
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Figure 16. Generators of 7ii{F\{pi} , P2) and Tif {F\{pi} , P2) . 

Theorem 7.17. The group VAi~^{F, {pi,p2}) admits a presentation 
with generators {Ai, A2, A^, B, Di, D2, -D3, U} and relations: 

(I) AAj = AjA, I, J = 1,2,3; (2) ABAi = BAB, i = 1,2,3; 
(3) UAiU-'^ = A^^; (4) UBU'^ = A^^B'^A^; 

(5) UDi = D,U; (6) UD^ = D^U; (7) BD2 = D2B; 
(8) {UA2)' = D,; (9) {AlAsBf = {UAsf = D,; 
(10) A2^UD2U-^A2 = UB-^D^^BU-^; 

(II) {UD2fD^D; = U^; (12) (^1^2^35)^ = 1. 

Proof. Let us denote G = VM.^{F, {^1,^2})- The fundamental group 
7ri(F\{pi},p2) is free on generators yi, 1/2, 1/3 in Figure fT6l Now {1, ^3} 
is a Schreier system of representatives of cosets of 'K^{F\{pi},p2) and 
by the Reidemeister-Schreier method we obtain that the last group is 
freely generated by vi = yiy^^, V2 = l/22/3'^ ^3 = VsVu v-i = I/3I/2, 
f5 = ?/|. It follows that {F\{pi} , P2) is free on generators 62 = f5, 
5i = V1V3, (32 = V2V3, 63 = 62V2V461, a2 = (see Figure [H]). We 
introduce Dehn twists = j{Si), i = 1,2, 3. We also have 

j(a2) = A3A2\ jm = A^'A2BA2'A3B-\ 

Let us check that relations (1-12) are satisfied in G: (1,2,12) fol- 
low from Theorem I7.13j (3,4, 10) are relations of type htah~^ = fj^^^y, 
(5, 6, 7) are obvious; (8, 9) follow from Lemma 17.81 and star relation; 
(11) follows from the equality U{S2) = ^2^S3^Si^ and relations (5,6). 

By Theorem 17. 151 and Lemma [73] for sequence (17.21) . G admits a pre- 
sentation with generators {Ai, A2, B,U, j{a2), j{P2), ji^i) \ i = 1,2,3} 
and relations (1,2,3) and: 

(i) UBU-^A^'BA2=j{P2Wy, (ii) {UA2)' = j{6^y, (iii) {A^A^Bf = 
ji(32^5^^a2l32a2^y, (iv) A,j{a2)A^ ^ = A2j(«2)A ' = J ("2); 



PRESENTATION FOR THE MAPPING CLASS GROUP 43 

(v) A,jif32)A^'=jia,'6sf32y, (vi) A^Ji6^)A^' = A2Ji6^)A,' = 
Uj{6i)U-' = (vii) A,j{6s)A^' = Bj{Ss)B-' = Uj{6,)U-' = 

j{6sy, (viii) A,jiS2)A^' = 3{6^'6i'a^'63626^'a2y, (ix) A2jmA^' = 

j{a^y2); (X) /l2j(f3)^^'_= j(«2"'^3«2); (Xi) A2j('^2)^^' = 
j(«2'^^3'^«2^3^2/?25rV2~^«2"^'53«2); (xii) Bj{a2)B-^ = j(a2/?2); 

(xiii) Bj{(32)B-^ = my (xiv) Bj{6^)B-^ = mH^6^62(32y 

(xv) Sj(52)5'^ = j(52); (xvi) Uj{a2)U-^=j{6;a:,^6^^y 

(xvii) ?7j(/52)t/-i = j(5i535253"'«2/?2); (xviii) U J {62^-^ = J . 



We will show that relations (i-xviii) after substituting j{a2) = \ 
j(/?2) = ^3 ^y425y4^^y435-\ j{5i) = Di, are consequences of (1-12). 

Let H denote the subgroup of G generated by {Ai, A2, A3, B}. As 
in the proof of Theorem 17. 15[ we have H = z*(A^(T3)), where is the 
homomorphism induced by the inclusion of T3 in F, and every relation 
in if is a consequence of (1, 2, 12), by Theorem 17. 13[ Note that by the 
star relation (9), G H. 

Relations (i - vii, ix, x, xii, xiii, xv) follow easily from (1-12) or are 
relations in H; (8,9) =^ (xvi); (5,6,11) =^ (xviii); by (5,8) we have 

A2D, = D,A2 and (xiv) jiP2)BD^B-^j{P,') = UjiS,')U-' ^ 
A^^BA^DiA^^B-^As = A^^UD^^U-^A2 <= (4,5,10); 

(xvii) & Um)U-' = UD,'U-'D,'j{a2f32) 
j(l3,) = UD2U-'D,U-'3{a2m 

BDiB-' = j{(3^')DiU-'j{a2P2)U ^ D^'A2A^'BA,A^'Di = 
U-^]{a2p2)UB A^^B-^A2 = ]{a2p2)UBU^^ <= UBU'^ e H ^ 
(4); (viii) Ai{53525^^) = 5^'a^'S3S25^'a2S3' 

A,i6^'UiP2)P2W) = S^'a,'6^'U{P2)P2%' ^<^^ 

A,UiP2) = a,'5^'UiP2) § A,Uj{P2)U-'A^' = A,'U-^A,'jiP2)U-' i 

A2UAsUA^'jif32)A^ = ji/32) <= UA,U E H ^ (9); (xi) ^^"^ 

A,D2A^' = D,'A3A,'D,D2B-^UD2U-'BA2A^'D, ^'S'^ D,D2D,' = 

A^^B-'D^^BA2 S Di'Uj{l32)U-'j{l3^^a^^) = A^'B-'D^^BA2 U 
U-^A^^BA3A:^^B-^U-^BA^^A2B-^A:^^ = B'^D^^B <= (2, 4, 8). □ 



Theorem 7.18. The group A4{F^) admits a presentation with gener- 
ators 

{Ai, A2, A^, B , Di, D2, 0^,11, Ci,C2} and relations (1 - 7,9,10) from 
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Theorem VTTFh and 



11') . -/ - 
12') {A,A,A,Bf = C,C2 = C^C,, 

Dkd, QB = BCi CiU = UCi, fort = 1,2, 



CiAj — AjCi, CiDk 
j,fc = 1,2,3. 

Proof. The relations (1 — 7,9,10) from Theorem 17.171 are satisfied in 
M{F) = M{F^); (8') follows from Lemma EH (12') is the star re- 
lation; (11') follows from Lemma [7.81 and lantern relation CiC2f/^ = 
{{UD2YC2^)DiD^. Now Theorem [US] follows from Theorem [717] and 
Lemma 17.41 for sequence (17. 2p . □ 
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